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CoryiacHO TeOpHUH U3MEPEHHUH CTATUCTHUECKUE
JIaHHBIE U3MEPEHBI B TEX MJIM MHBIX IIKaIaX.
HawnbGonee mupoko UCTIONB3YIOTCS TIOPSAKOBAS
KA, MIKaIbl MHTEPBAJIOB W OTHOIICHUH.
CraTHCTHYECKUE METOIBI aHAIM3a JaHHBIX TOJKHBI
COOTBETCTBOBATH LIKAJIAM, B KOTOPBIX U3MEPEHBI
naHHbie. TepMuH "coOTBETCTBHE" YTOUHSETCS C
MTOMOIIBIO TIOHSATHH aIeKBaTHON QYHKIIMH U
JIOIyCTAMOTO TipeoOpa3oBaHus mkanbl. OCHOBHOE
cojiepKaHUe CTaTbH - ONIMCAHUE CPETHUX BEJIUUMH,
KOTOPbIE MOXHO MPUMEHSTH JJIs aHAJIM3a TaHHBIX,
M3MEpPEHHBIX B TIOPSIKOBOM IIKaJIe, IIIKaJIax
WHTEPBAJIOB ¥ OTHOIIIEHUH W HEKOTOPBIX APYTHX.
OcHOBHOE BHUMaHHE yJIeNeHO cpeqHuM 1o Komwm u
cpeanum 1o Konmoropoy. Kpome cpeanux, ¢
YKa3aHHOW TOYKH 3pEHUS TPOaHATN3UPOBAHBI TAKKE
MHOTOYJICHBI ¥ ITOKa3aTeu cBs3u. [logpoOHbie
MaTEeMaTHUYECKHUE J0Ka3aTelIbCTBA
XapaKTepU3aLUOHHBIX TEOPEM BIIEPBBIEC MIPUBOJISATCS B
Hay4yHOI nepuoauke. [lokazaHo, 4TO B MOPSIKOBOM
LIKaje UMEETCsl POBHO N CpeTHUX BEJIUUHH, KOTOPbIE
MOJKHO HMPUMEHSITh, @ UMCHHO, N MOPSIKOBBIX
CTaTUCTHK. J[0oKa3aTenbCTBO MPECTABICHO B BUC
nenu u3 9 jgeMM. B 1kaie HHTEpBaIOB U3 BCEX
cpenHux 1mo KoJMoropoBy MOKHO HCITOJIB30BaTh
TOJIBKO cpenHee apudmerndeckoe. B mkane
OTHOIIEHHUH U3 Bcex cpeanux 1no Koamoropory
JIOIYCTUMO MPUMEHEHHE TOJBKO CTEIIEHHBIX CPEIHUX
U CPEJTHET0 TE€OMETPUYECKOr0. YKa3aH BUJL
aJICKBaTHBIX MHOT'OWICHOB B IIIKAJIC OTHOIIICHHMI
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According to measurement theory, statistical data
are measured in various scales. The most widely
used ordinal scale, scales of intervals and relatio
Statistical methods of data analysis should
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with the help of the concepts of an adequate
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1. BBenenue

CrartucTryeckre METOJbl aHAJIM3a JAHHBIX JIOJDKHBI COOTBETCTBOBATH
1IKajgaM, B KOTOpPBIX M3MeEpeHbl NaHHble. OCHOBHOE COIEpXKaHUE CTaTbU -
ONMCAHUE CPEIHUX BEIUYMH, KOTOPBIE MOKHO IIPUMEHSATH [l aHAIN3a JAHHBIX,
U3MEPEHHBIX B IMOPSAAKOBOM IIKaJle, MIKAJIAX HWHTEPBAJIOB W OTHOLICHMM.
[TonpoOHBIE MaTeEMaTUUYECKHE J10KA3aTEIbCTBA XapaKTEPU3ALMOHHBIX TEOPEM
BIIEPBBIE  TNPUBOAATCS B HayyHou  mepuomuke. Kpome  cpeanux,

IMpOoaHAJIU3HUPOBAHbI TAKKC MHOT'OYJICHBI M IIOKA3aTCJIIN CBA3H.

2. IloctaHoBKA 3a1a4U HAXOKIEHHUS CPEIHHX, Pe3yJILTAT CPABHEHHS
KOTOPBIX YCTOHYHUB OTHOCHTE/IHHO IOMYCTUMBIX MPe00Pa30BaHN MIKAJIbI

PaccmoTpuM N-MepHoe, N > 2, mpoctparctso R Bextopos X = (X', X, ...,
X"). Oymkmmio f:R' - R' HasblBaeM CpeaHEl BEIMYMHON WM, KOpOde,
CpEIHUM, €CITU

min{X,i=1, 2, ..n} < f(X) <max{X,i=1, 2, ...n} (1)

npu odom X OR". D10 - onpenenenue cpeanero no Komm [1, ¢.64].

YkaxxeM HEKOTOpble BUABI cpenHuX. CpeaHUMH SIBISIOTCS TOPSIKOBBIE
cratuctuku. [lycth F:A - R' - cTporo MOHOTOHHas (QyHKIHs (T.e. CTPOro
BO3pACTAlOIIasl WM CTPOTrO YOBIBAIOIIAsl) CO CBS3HON 0OOJIACTBIO OINpPENEICHUs

AOR, a F' - o6parnas k Heil. CpeHIM SBISETCS

g(X) = F'{ZaiF(xi )J, O0<a' <1 i=12..n a+a’+..+a" =1 (2)

I<i<n
Ipu F(xX) = %, Inx, x', ¥ umeem cpenHee apupMeTHUecKoe, CpEmHee
TEOMETPUYECKOe, CpeJHee TapMOHHMYECKOE, CpeIHee  KBaJApPaTUYECKOE
cootBercTBeHHO. Cpemane Buaa (2) ¢ F(X)=x” Ha3bpIBaeéM CTCIICHHBIMHU
CPE/IHUMU; OHHM OIPEAEIICHbI IPU JTI000M a 20, eciin A= (O+w). [Ipu @ =™, i
=1, 2, ...,n, popmyna (2) gaer 00K BHJ TaK Ha3bIBAEMBIX aCCOI[MATHBHBIX
cpennux, noimydeHusiid A.H. Konmmoroposeim [2], M. Harymo u b. ne ®unertu

B 1930-31rr., ucxons u3 HekoTopoil cucteMbl akcuom [1, ¢.151]. [TosTomy
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yKa3aHHbIC CpeJHHe Ha3bIBatOT "cpenunumMu mo Kommoroposy" [3] (B HEKOTOPBIX
nyOymKanusx - 0000meHHsIMu cpeauMu 1o Komvoroposy [4, 5]).

[Tycte ¢ - cTporo Bo3pacraroinee nmpeodpa3oBaHUe MPSMON WM JIyda B
cels1, T.e. - B TEPMHHAX TEOpUH M3MepeHuil [6] - mpeoOpa3oBaHWE MIKAJbI.
O603HaunM @(X) = ((x"),(x°),....0(x") OR".

[IpeoOpa3oBanue IKambl ¢ HA3BIBAEM JOMYCTUMBIM OTHOCHTEIHHO
¢yakmun  f:R" - R, ecmm f(Xy) < f(X;) Torma wm ToibkO TOTHA, KOTIA
f(p(X) < f(¢(X,), mpu Bcex X, X,0OR", T.e. pe3yJibTaT CPABHCHUS 3HAYCHUU
¢ynknuu f B IByX TOYKax yCTOWYUB OTHOCHTEIBHO NPEeOOPa30BAHUS LKA ¢ .
CormacHo Teopuu wu3MepeHuit, GyHkius f HaspIBaeTCs — aaeKBaTHOM
OTHOCHUTEJILHO NMPeo0pa3oBaHusl ¢ WM COBOKYIHOCTH IpeoOpazoBaHuii ® ={g},
€CIIU ¢ , COOTBETCTBEHHO, Bce ¢ 1 ® , SBISIOTCS IOMYCTUMBIMH OTHOCHTEIBHO f.

bynem nzydatsh nBe 3amaqm.

(I). dana coBokymHOCTh @ ={¢} mnpeoOpa3oBanuii mmikanbl. Haiitu Bce
cpenane f w3 gaHHOrO KINacca, UIS  KOTOPBIX Bce @O  SBIAIOTCA
JIOITYCTHUMBIMH.

(). Jano cpennee f. Haiitn Bce mpeoOpa3oBaHus MIKAJbI @, JOMYCTUMbBIC
OTHOCHUTEJBHO f.

Ecmu ®3amaer mkanmy HamMmeHoBaHwid, TO y 3amauu (I), oueBmmHO, HET
pemtennii. Permenns 3amaun (1) mis @, 3amaromert nopsakoByro mkany (1),
HaiieHsl B pasnene 3. Pemenus 3amau (1) mis @, ompenenstoninx IIKabl
OTHOIIICHW, WHTEPBAJIOB, PAa3HOCTEH W HEKOTOpBIX Apyrux, u 3amad (I1) mis
cpennux mo KommoropoBy mpuBeneHbl B pasaene 4. AJeKBaTHOCTh HEKOTOPBIX

apyrux QyHKIUH (MHOTOYJICHOB, IOKA3aTesei CBsI3M) PACCMOTPEHBI B pa3jeax

5u6.
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3. AleKBaTHbBIE CpeTHHE B MOPSIIKOBOM HIKAaJIe

CoBokynmHOCT, @ ={¢} cTporo BO3pacTalOIUX MpeoOpa3oBaHUIi
¢:R - R Ha3piBaeTcs K-TiepeBOAMMOM, €CIHM IS JIFOOBIX YIOPSI0YCHHBIX
HaGopoB umcen X < X < ..<X' u Y < V¥ < ..<V" mmus K Haiigercs
npeobpaszoBanue ¢ 0P Takoe, 9to P(X )=y ,i=12,...K.

Jlerko BHIETH, 4TO Ipymma ®, 3a7aromias MOPSAKOBYIO MIKATY, SBISCTCS
k-nmepeBomumoii mpu mr0060M K (crioco® MOCTpOEHUs ¢, OCYIIECTBIISIOMIETO
nepeBo, aaH B [5,¢.110-111]).

Ilyctes X, X,0R". Bynem mucate X; < X, TOrga U TOJBKO TOrAa, KOIjaa
x <x, npuBcex i =1,2,..n
Teopema 1 (Teopema o meamane). Ilycmov ®,- COBOKYNHOCMb CMPOO

go3pacmailowux npeoopazoeanull  WKAIbl, AGIAIOWAACE 2N-NepesooUMO.

Ilycmo  n1060oe  @O®, seusiemcss OONYCMUMBIM — OMHOCUMENbHO CPEOHe20
f:R" - R. Ilycmo f(X) nenpepwviena xax ¢ynxyus XOR". Ilycmo @ynxyus f

ABIAECMCA CUMMEMPUYECKOU, m.e. He MeHsemcs npu adou nepecmaHosKe
apeymenmos: F(X) = 0, 5, ...,X") = f(x(1), X(2), ...,X(n)), 20e X(j) - nopsoxoswie
cmamucmuky, noCmpoenHvle no cosoKynHocmu uucen X, X, ..., X'. Toeda
Hatioemcest nomep | maxoui, umo f(X) ecmo 1-s1 nopsoxosas cmamucmuxa, m.e.
f(X) = x(i) npu mobom XOR".

Wtak, nMeeTcsi pOBHO N CPETHUX BEIUYNH, YIOBICTBOPSIOIIUX YCIOBUSIM
TeopeMbl 1, a UMEHHO, N MOPAAKOBBIX cTatucTuk. Cpenu HUX mpu N = 2mH1
BbIIesieTcss meanana X(m+1). Ilpu N = 2m paccmarpuBaioT "JeByro MeauaHy"”
Xx(m) u "mpaByro memuany" X(m+1). B kadectBe "mokazatens LEHTpPaIbHOM
TEHJEHIIMM €CTECTBEHHO WCIOJIb30BaTh MeAuaHy. MMEHHO Mmo3TOMy MBI
HaspIBaM Teopemy 1 "reopemoit o meamane” [5, ¢.94]. He MeHee ecTecTBEHHO
Ha3BaTh TeopeMy 1 Teopemoii 0 XxapaKTepu3aIuu MOPSAKOBBIX CTATUCTHK [7].

CornacHo Teopeme 1 mpu aHanmuse NaHHBIX, U3MEPEHHBIX B MOPSIKOBOM

mKaJje, PCEKOMCHAYCTCA MCIIOJb30BAaTh B Ka4YCCTBC CPCAHUX IIOPAAKOBLIC
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CTaTUCTUKH. OTMETUM, YTO JUIsl CPaBHEHUS JBYX COBOKYIHOCTEH JaHHBIX,
U3MEPEHHBIX B MOPSAKOBOM IIKaje, HE 00A3aTeNbHO MOJIB30BATHCS CPEAHHUMU.
MOXHO NMPUMEHSATH JHOObIE PAHIOBbIE KPUTEPHH, NOCKOJBKY, KaK MOKa3aHO B
[5, ¢.112], xnacc afeKBaTHBIX CTATUCTHK B IOPSAKOBOW INKaJe COBIAMAET C
KJIACCOM PAHTOBBIX CTATUCTHK. OHAKO OOJbLIAs POJIb CPEIHUX MPU ONMUCAHUU
JaHHBIX HE TOJIBKO BBITEKAET M3 TPaJuLUU, HO U UMEET NPUYMHON
"HarIAIHOCTD" CPEIHUX KaK pe3ysibTaTa CKaThsg MH(pOpMaIu, 00JIeryaronyro
(OpMyIUPOBKY THUIOTE3 MJs JaJdbHEMIEro HCCIEAOBAHUS B KOHKPETHOM
OPUKIAJHONW 00JIaCTH.

JlokazarenbcTBO Teopembl 1 mpencraBuMm c BuAe Lenu Jjemm. Bcee

paccMmaTpuBaeMble BEKTOpa X TaKOBBI, UTO Xt <X < ..<Xa npeoOpa3oBaHusl ¢
npuHagiIexar @, .

Jlemma 1. Ilycmo eexmopa Xy, Xo u Xz, X4 maxoswl, umo X <X, <X u
X t<x, <x, npu ecex i = 1, 2, ....n (nonazan xX=x3=-w). Tocda cywecmeyem
npeobpazosanue ¢ 1®, maxoe, umo $(X,) = X;,#(X,) =X, .

Jloka3zaTeabcTBO. PaccMOTpyuM JBa yIopsiIo4eHHBIX Habopa 2N Yucel:
XX <X <X <L<XT<X <X <LK <X,
X <X <X <X <LK <X <L <X <X
B cuny 2n-nepeBoaMMOCTH COBOKYMHOCTH ®, CYIIECTBYET MNpeoOpa3zoBaHUE
¢ 0D, , mepeBosIIee MEPBbIA U3 ITUX HAOOPOB BO BTOpou. [Ipu aTom ¢(X,) = X,
u ¢(X,)=X,, 4To U TpeOOBAJIOCH.

Jlemma 2. Ilycmo Xy > X (1.6, % > X, npu écex i =1, 2, ...N). Toeda onn
aoboco >0 cywecmsyem npeobpazosanue ¢ =@(e) makoe, umo ¢(X,)=X, u
X <X '+e& npuecexi=2,3,..n 20e X, =¢(X,).

Jloka3zateabcTBo. OnpenenuM BekTopa Xz U X4 CICAYIOIIMM 00pa3oM.
Monoxum X, =%, ecmt X*<x,<x, n X =(Xx*+x)/2 B npoTHBHOM ciydae.

[Iycth £ >0 gOoCTaTOYHO MAJIO, T.€.
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£< EQ.'SQ(XIZ -x1).

[Monoxum X, =x*+&/2, i=23,...,n. HakoHel, MycTb X, W X; - MPOU3BOJIbHBIC
YKClia, MEHBIIME X, U X, COOTBETCTBEHHO. Torja, Kak JISTKO BUICTH, BEKTOpa
X1, X3 1 Xy, X4 YIOOBIETBOPSAIOT YCIOBUSAM JIEMMbl 1, a MOTOMY CyIIeCTBYeT
npeobpa3oBaHue ¢ Takoe, yTo P(X,) =X, u #(X;)=X,. [Ipu x* <X, <X, ©UMeeM
PX)=P(X)=x"+£/2<x"+£, a Opu X, <X B CHIY MOHOTOHHOCTH @
CIPaBEIINBO HEPABEHCTBO #(X, )< @(x ™), a MOTOMY @(X,) < X <X +£. Jlemma
2 ToKa3aHa.

Jlemma 3. Ilyems X; > X,. To2coa cywecmsyrom KoHeuHbie
nOCNe008amMenbHOCIU 8eKMOopo8 Xz, X4, ..., X| U npeoopazosanuti @,,9,,....4,_,
makue, umo X, =@ (X)), X, =@ (X.), i=12,..1-2,u x"<x.

Joka3zaTteabcTBo. [lomokum e=(x—-x)/n. CormacHo Jnemme 2
CYIIIECTBYET IpeoOpa3oBaHue @, Takoe, 4to @, (X,) =X, H X, <X +¢&, i =23,...,n,
rae X, =¢,(X,). Ilockonbky @, - CTporo Bo3pacraroliee npeoopazoBaHue, TO U3
X > X, CIEIyeT X, =@ (X)) > @, (%) =%, T.e. Xo > Xa. [Ipumensis k X u X3 temmy 2,
crpoum @, U X,=¢,(X,), A KOTOPbIX X, <X '+¢, i=2..,n. Torma
xL < x‘;z +2¢,1=34,..,n. [Ipomoiskas  3TOT  Mporecce, IMOCJIEJOBATEIIBHO
onpenenseM ¢y, 4,,... B Xs, Xg, ... TaK, 4ToOBl @,(X)=X,,, H
X, <X, +& i=2..0, rIe Xy =0,(X,0), | = 34.... Torna
X, <X l'+e<xXP+2e<..<x+(N-De, a x,+(n-1)& B CWIy ONpPEIACICHUS &
MeHbine X . Jlemma 3 qoka3ana. [1omyTHO BBISICHEHO, YTO MOXHO MOJIOKUTH | =
n+1.

Jlemma 4. [Iycmo
() @yurkyus f:R" - R aergemces cpeonum no Kowu (cm. (1));

(I1) nr060e npeobpazosanue ¢ Od, sersemces oonycmumvim omuocumenvHo f.

Tozcoa uz X; > X, cneoyem f(Xy) > 1(X,).
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Jloka3aTejbCTBO. [Ipe/InonokuM NPOTHBHOE: CYIIECTBYIOT BeKTOpa X U
Xo Takme, 9t0 X1 > X;, HO f(X;) < f(X;). CornmacHo onpeneieHnto TOMyCTUMOCTH,
HepaBeHcTBO f(X;) < f(X;) Biaeuer f(g(X)< f(p(X,)). (Ctporo rosops, mis
CHPAaBEJIMBOCTH yTBEPXKIEHMS, BBICKA3aHHOTO B Mpeablaymied ¢pasze, K
JTAHHOMY BBIIIIEe OMPEICIICHUIO JOITYCTHMOCTH Haa0 100aBuUTh ycinoBue: u3 f(X;)

= f(Xy) cnmemyer, urto f(g(X)="T(#(X,)). DTO YyCIOBHUE BBITCKAET W3
ompeeNeHus] OMyCTUMOCTH, eciu {@} - rpynmna. EcTeCTBEHHO NMpPHUHATH, YTO
®, B Teopeme 1 - rpymma.) PaccMoTpuM mocnenoBaTenbHOCTH X3, Xgy ..., X| U
@, 8,,....0,_,, TOCTPOCHHBIE B COOTBETCTBUU ¢ JeMMon 3 1o X; u Xp. Torma us
f(Xy)) < (X)) wu ycmoBus (ll) Hacrosmiedt JaeMMbl —ClemyeT, YTO
f(4,(X) < f(g(X,)), T.e. f(Xp) < f(X3). Ananoruuno moyaaem f(X;) < f(X;) < ...
< f(X)). Omnako mo ycmosuto (l) Hacrosimei memmbr f(X)=x, a f(X)<Xx .
ITockonbKy B COOTBETCTBHM C JieMMon 3 x‘<x , To f(Xy) > f(X). Iomyunmn

IPOTUBOPEYHE, TOKA3bIBAOLIEE JIEMMY 4.

B cootBeTcTBHU € yCIOBHEM MEPEBOAUMOCTH BCE TOUKU X = (Xl, X, e X)
TaKue, 4TOo X' <X <. < X", paBHompaBHEl. Ham moHamoOUTCs MPOBOIUTH
pacCyXJAeHHus, MCIOJB3YIOIHME MOHATHSA, CBSI3aHHBIE C OKPECTHOCTBHIO

HEKOTOpO# Touku. [TycTh 1i1s onpenenenHocT 310 Touka Xo = (1, 2, ...K). Ham
TMOHAN00ATCA TaKkKe TOUKH X, :Yi (€), 1=22,....k, Takue, 4TO X = XX-e=j-¢
npu j#i u X = Xy +E=i+&,TOC £ - JOCTATOYHO MAJIOE MMOJOKHUTEIILHOE YUCIIO.
Jlemma 5. ITycmo pynxyus f yooenemeopsiem ycnosusm (1) u () nemmor
4, a makoice yciosuro
() @yuryus f nenpepwviena na A= {X = (", %, ... X): x* <X < ... <X}
Tozoa cywecmsyem i0{12,....k} makoe, umo f(?i) > f(X,)-
Jloka3aTeabCeTBo. IIpefnonokuM NpoTUBHOE, mycTh f(Xi)< f(X,) npu

Bcex1 =1, 2, ..k
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AHAJIOTUYHO ~ JIOKAa3aTeNbCTBY JIeMMbl 1  MOXHO  YCTaHOBHUTb
CYIIIECTBOBaHHE MPeoOpa3oBaHMs ¢, OCTABIAIONIEr0O Xg Ha MeCTe H
TEPEBOIAIEr0 BCE KOOPAMHATHI Xi, 3a HMCKIIOYEHHEM i-#, CKOJb YTrOJHO
6/IM3KO K COOTBETCTBYIOLIMM KOOPAMHATAM Xo, @ X OCTABJSIOLIETO HAa MeCTe.
W3 wnenpepsiBHoctu f(X) (ycaosume (ll)) cmenyer, uto f(Y)) < f(Xp), rme
Y =X,+(0",6%,...,0¢), & =0mpu jzi ud =¢.

B cuny ycnoBus mNepeBOAMMOCTH MOXHO TPOBECTH MPEIbIIYyIICe
paccyxknaenue, BMecto Xo nojacrasus Y;. [Tomyunm, uto f(Z;) < f(Y;) < f(Xo), rne
Zi =Xo+ (VY2 /), V=0 mpu t#i um t#j, B To Bpems Kak ) =) =¢.
[ToBTopsisi  paccyxkaenue K pas, momyuum, uro f(W) < f(Xo), rme
W =X, +(€,¢,....6) . Ograko W > Xy u mo nemme 4 nomkao O0bITh f(W) > £(X).
[IpoTuBopeune.

3ameuanue. B moka3aTenbCTBE JEMMbI 5 UCTIOIB3YETCS HEMPEPBIBHOCTS f
HE Ha BCEM MHOXecTBe A, a Ha ero moaMHoxkectBe. OmHako u3 ycioBus (l)
JeMMbI 4, yCIIOBHsI TIEPEBOAMMOCTH M HENPEPBIBHOCTH f B KaKOH-ITHOO TOUKE
BBITEKAET, KaK JIETKO BUICTh, HEIIPEPHIBHOCTH f Ha BceM A.

Jlemma 6. ITycms f(X) yoosremsopsiem ycrosusm (1), (1) u (1) zemm 4 u
5. Ilycmv a - umenno mo i0{12,...k}, npu komopom & cuny jaemmsvi 5
f(Xi)> f(X,). Hyemo X >x* npui=2,3, ... Ku x* >x7. Toaoa f(X1) > f(X,).

Jloka3aTejJbCTBO. AHAJOTUYHO JIOKA3aTeIbCTBY JEMMbI 1 HETPYAHO
MOKa3aTh, YTO CYIIECTBYET MpeoOpa3oBaHue ¢, mepeBojsiiee X, B Xo, a X; B
BEKTOP X3 TAKOMU, UTO X, =X, —£/2, €CIH X, > X > X, ', U X, 2 X, €CIIH X =X, i £ 4,
HaKOHeI[ X{ =X +2¢ (3TO BbITeKaeT U3 YCIOBUSA 2K-TIEPEBOIUMOCTH TEOPEMBI
1). Torna X, > Xa, a motoMy no nemme 4 f(X,)> f(Xq). Ilockonsky mo nemMme
5 f(Ya)> f(X,), To f(X;)> f(X,). HakoHen, mockomgbky ®, - rpymmna, TO U3
f(X;) = f(@(X)) > F(X,)=f(p(X,) cnenyer, uto f(Xy) > f(Xy), a s10

TpC6OBaJ'IOCI> JA0Ka3aTh.
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Jlemma 7. Ilycmo ons ¢pynxyuu f(X) evinoanenst ycnosus (1), (1), (I),

sekmopa X1 u X, makogvl, ymo X >x; , 20e a - umenno mo i0{12,...k}, npu
xomopom 6 cuny remmot 5 f(Xi) > f(X,). Tozoa f(X1) > f(Xy).

Joka3zareabceTBo. Bocrnonb3zyemcest temmoin 6. J[jiss 3TOro aHajgorM4HO

A0Ka3aTCJIbCTBY JICMMBbI 3 onpcAcIMM HCEKOTOPYIO ITOCICOOBATCIIBHOCTD

a

BEKTOPOB X3, X4, ... , TAKYIO, 4TO X, >X" IpH i#a, i=2..k, 1 X, >x’, HO

Beerga X' <x/, j = 23... Hakonen, X <x, i=1...k, Ipu HEKOTOPOM KOHEYHOM

|. Ecnu Takas mociiejoBaTeabHOCTh OyAeT moctpoeHa, To mo jemme 6 f(X;) <
f(X3) < f(Xy) < ... <f(X). Omnako mo ngemme 4 f(Xy) > f(X). IMoaromy f(Xy) >
f(X5), uTo 1 TpeboBAIOCH.

[lepeiinem k moctpoeHuio TpeOyemoi moTpedHocTH. OmuineM omnepaTop

P(G,£,0), iza, tne ¢ U O - MOJOXKHUTEIbHBIE YHUCIIA, IIyTEM MHOI'OKPATHOI'O
NPUMEHEHUSI KOTOPOTO MOCTPOUM MOCIEN0BATENBHOCTh X3, X4, ... . IlycTh man
BekTop X. Torma BekTop Y =P(i,&,0)X ompenensiercs Tak: y =x'+¢& mpui = 2,
oy K y1 - MPOU3BOJBHOE YHCIIO, MEHBIIEE Xt npu | = 1 yl = X npu
jza,j#i,j0{4..k}; HakoHel, Yy’ =x"+0J. Ecou & m O J0CTAaTOYHO MaJbl
(HeoOXomMMBIM YpPOBEHb MaJIOCTH ompeaensiercss mo X), To YDA, T.e.
KOOpAMHATH Y BO3pacTalOT C YBEJIMYEHHEM HOMEpa KOOpJuHAThl. Torma mo
aemme 6 f(Y) > f(X).

[Tpumenum k X, oreparop P(L¢,0), moIokuB Yy =min(x —1x) . [Toaydum
Xs. Ilpumenum 3ateM P(i,£,J) mociaeaoBaresbHO OpH i =23....a -1, HOJy4YUM

npu 3ToMm  X,, X;,...,X,,,. Torga mpu JOCTaTOYHO MaibiX ¢ U O BEKTOP X,

TaKoB, YTO X,,, <X TpH i =1...a-1, X,,, =X, mpu i =a+1...k u x7,, <x". Kpome

a

Toro f(X,,)>f(X,)>..>f(X,). Ilycte Tenepp kd<¢. Ilpumennmm k X,

a+l
IIOCIE0BaTEIbHO omnepatopel P(i,6,0) npu i=a+l a+2,.., k, HOOIy4um

Xgizr X X, - TOrga npyu 10CTaTOYHOM MAJIOCTH O BEKTOP Xy+1 TAKOB, YTO

a+2y “ra+3rttt

Xey <X W, HAMOMHHM, XI.

a+1

<x. CnemnoBatenbHo, X1 < X;. Ilpu s3TOM
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f( X)) > F(X,)>...> F(X,,,)>...> f(X,). Tpebyemas I1OCJIEA0BATEIbHOCTh
MIOCTPOEHA, YTO M JIOKAa3bIBACT JIEMMY 7.

Jlemma 8. Ilycmo ons ¢hynxyuu f(X) evinoanenwvt ycnosus (1), (11), (I).
Tocoa cywecmeyem ¢pynkyus ¢:R - R makas, wumo f(X)=g(x?), 2de a -
umenro mo i 0{12,... K} , npu xomopom & cuny iemmvt 3 f(Yi) > f(X,).

HoxkazareabcTBo. ITomoxkum g(a) = f(Y), rne y =a+(i-a), i=12...k.
Paccmotpum BekTop X Takoit, uro x?=a. J[lokaxem, uro f(X) = g(a).
Paccmorpum X () =X +y@1...0), y>0 u X,(y)=X-y@L...). Torma X,(y) - X
u X,(y) - X opu y - 0. ITo memme 7 f(X,(y)) > f(Y)=g(a) > f(X,())). Onnaxo
ynxuus f(X) menpeprisra (ycmosue (ll)), a moromy f(X;(y)) - f(X),j=12
npu y - 0. CnegoBarensHo: f(X)=g(a)=g(x?).

Jlemma 9. Ilycmo ons ¢hynxyuu f(X) evinoanenwvt ycnosus (1), (11), (I).
Tozoa f(X)=x7,20e a - umenno mo i1{12,...,.k} , npu Komopom 6 cuny i1emmvi 3
f(Xi)> f(X,).

Jloka3aTejbcTBO. PaccMoTpuM BekTop X()), y KoToporo X =a+(i—a)y,
y>0,i=12..k.ITo nemme 8 f(X(y))=g(a). [Tockoabky X >a-ky, X <a+ky, TO
no ycnoButo (1) a-ky<g(a)<a+ky. Ilepexoms k mpemeny mnpu y - 0,
nosydaeM, uro g(a) = a. Jlemma 9 nokazana.

3aBepuienne goka3ateabcTBa Teopembl 1. U3 nemmsbl 9 crnenyer, uto
BCE aJICKBAaTHBIC CPEIAHHE SBISIFOTCS TOPSAIKOBBIMH CTAaTUCTHKaMH. Jlerko
BUJICTh, 4YTO IIOPSIIKOBBIC CTATUCTUKH YJOBJICTBOPSIOT BCEM YCIIOBHSIM,
HaioxeHHBIM B Teopeme 1 Ha f(X). [Tocnenaumii mar B JOKa3aTeIbCTBE TEOPEMBI
1 - mepexoxg or A K =~ Ilepexoq or A Kk 3aMmblkaHui0 A OCHOBaH Ha
nenpepsiBHocTH f, a 0T 3ambikanust A k R - Ha cummerpranoctu f. Teopema 1
J0Ka3aHa.

Ecau He TpC6OBaTI> CUMMCETPUYHOCTH f, TO QaACKBATHBIX CPCAHUX

3HAYUTENIbHO OoJbine. ViMu sBisitores, Hampumep, fi(X) = X, i=1, 2, ..k
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Jlerko BuiETh, 4T0 QyHKIUs f ABISAETCS YCTOWYMBBIM OTHOCUTEIIBHO CPABHEHHUSI
HETPEPHIBHBIM CPEIHNUM TOTIa M TOJBKO TOT/a, KOTaa
a) B kax0ii u3 K oomacreit {X: XV <xX@ < . <xX® rre o = (i(1),i(2),
, 1I(K)) - mepecranoBka (1, 2, ... ,K), HalimeTcss MHAEKC Nn(@) TakKoM, YTO
f(X) =x"“ B aroii 0bmacTH,

0) dyukuus f(X) HenpepbiBHA B TOUKAX IpaHUI] 00JIaCTEH.

Teopema 1 BrepBbie mojydeHa B [8], OCHOBHbBIC HJIEH TPUBEIACHHOTO
BBIIIIC J0KA3aTEIbCTBA OMyOInKOBaHbI B [5]. Temu jke MeTo1aMu J0Ka3bIBACTCS
[5, €.119-120} cnenyroriasi TeopemMa, BIiepBbIe ToiydeHHas B [9].

Teopema 2. Ilycmo gpynxyus f:A - R yoosremsopsiem ycnosusm (1) u
(). Ilycmo cywecmeyiom sexkmopa Y u Z makue, umo yk <Z u f(Y)£(2).
Toeoa cywecmsyem cmpoco moHomonuas (m.e. cmpozo ospacmawowas uiu
cmpoeo yowisaowas) ¢yukyus ¢:R - R u nomep a{12,...K} makue, umo
f(X)=9g(x"). Bepno u obpammnoe. eciu @ynkyus ¢ cmpoco MOHOMOHHA U
nenpepwiena, mo f(X)=g(x") yoosremsopsem ycaosusim (1) u (1),

Pemenwne 3amaqn (1) paszgena 2 gaercs ciemyroriei TeopeMoii [5, ¢.121].

Teopema 3. Ilycmv g:R - R - cmpoco monomonuas ¢yHxkyus,
f(X)=g(x") donycmuma omunocumenvuo ¢ . Tocda ¢ - cmpoeo MOHOMOHHOE

npeobpazosanue.

Teopema 1 moka3piBaeT, B YaCTHOCTH, YTO B MOPSJIKOBOM IIKaJE HENb3S
II0JIb30BAaTbC CPENHUM apU(PMETHUYECKHM, BOOOIIE CyMMaMM CIIy4yalHBIX
BEJIMYMH. OTO CYIIECTBEHHO OIPAaHWYMBACT BO3MOYKHOCTH MPUKIATHON
cratuctukd. OIWH W3 BBIXOJOB COCTOUT B TOM, YTOOBI CMSTUYUTH YCIOBUE
JOTyCTUMOCTH - BMECTO €ro BBINOJIHEHMs JJIs BCEX 3HAYEHUIl apryMEHTOB
TpeOOBaTh €ro BBIMIOJHEHUSI C BEPOSATHOCTHIO, Omm3koil k 1. Ilockompky mo
3aKOHY OOJIBLIMX YHCEN BBIOOPOUHOE cCpelHee apu(PpMeTHyecKoe CXOTUTCS K

MAaTCMAaTUYCCKOMY OXHWAAHWIO, TO HAYHEM C HU3YUYCHHUS BIUAHHUSA JOIIYCTHMBIX
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npeoOpa3oBaHUl Ha MaTeMaTUuuecKoe oxkuaanue. M3noxenue 10 KoHIa pasjena
cenyer [5, ¢.152-156]. Ipyroit moaxoxa npemioxen B [10].

Teopema 4. I[lycmv ¢(X) - nenpepwvignas Gyuxyus. s npouzeonvHol
cayuaunou eeauvunvt X uz cywecmeosanus M(X) ciaemyeT cyinecTBOBaHHE

M (¢(X)) moeoa u monvko moeoa, Ko2oa

P(x)

X

lim < oo (3)

[X] - o0

Jloka3aTejbeTBO. Ecnu (3) BBIOIHEHO, TO ¢ Y4€TOM HEMPEPHIBHOCTH @
3aKiroyaeM, 9to cymectByoT a > 0u b Takue, uto |#(x)|<a|x|+b mpwm Bcex X,

CJIICA0OBATCIBHO
M |@g(X) = T|¢(X)|dF(X) < aT|X|dF(X) +b+j:°dF(X) =aM | X |+b, F(X)=P(X <x), (4)

T.¢. u3 cymectBoBanus M(X) BeiTekaet cymecrBoBanue M (4(X)).

[Tycte Tenmepb HepaBeHCTBO (3) HE BBIMOJIHEHO. Torjga CyIIECTBYET

MMOCJIEAOBATEILHOCTE Ay, N =1, 2, ... ,Takas, 4To

#(a,) 5
‘—6% >n (5)

" |a,|>1npu Becex N. meem

1 < 1 1
E_Z D 5 <, (6)

7
=N la,| =n

clieZIoBaTeNbHO, cooTHOIIeHue (6) onpenensier C KoppekTHO. [Tomoxum

C
== 7
P 7 la] (7)

Torna B cuity (6) cymma Beex P, paBHa 1. PaccMoTpuM ciiydaitHyro BeIMIUHY X,
IPUITHACHIBAIONIYI0O TOYKE @, BEPOSATHOCTH Pn, N = 1, 2, ... .Torma M(X)

CYIIIECTBYET, NOCKOJBKY

C
MIX[EY la,|p, =D = <. (8)
n>1

nx1 n

Onnako B cuiy (5)
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MIg(OF T16@)1 P, Xnlalp, =X = =+ (©)

=] =] =
u, cieaoBaTeabHo, M@(X) He cymiecTByeT. Teopema 4 nokasaHa.

Teopema 5. [lycmv cayuaiinvie eeauuunvt X u Y ¢ @QyHKyuimu
pacnpeoenenus F(X) u G(X) maxosvl, umo ux mamemamuueckue 0NCUOAHUS
cywecmsyrom, npuuem M(X) > M(Y). Heobxooumoe u oocmamounoe yciogue
svinonenus nepasencmsea M@(X) >M@(Y) ons mobou cmpozo so3pacmaioujell
HenpepwleHot ynxkyuu @ , yoosremeopsiowet (3), maxoso: F(X) < G(X) npu
scex X, npuyem cywecmayem Xo, 0151 komopozo F(Xg) < G(Xo).

Hoxka3zarenbcTBO. IHTErpUpYys 110 YacTAM, UMEEM

00

M@(X) = Mg(Y) = [#(Nd(F(x) =G(x)) = p()(F () -G(¥)| -

— 00

= [(FO)=G(x)dg(x) = [ (G(x) = F ())dg(x). (10)

(ITpoeenennsie B (10) mpeoOpa3zoBanus 3aKOHHBI B cuity cyiiecTBoBaHus M(X) u
M(Y) u ycnosus (3).)

[Tpenmookum, 9TO HAWIETCS TOUka Xo, B KoTopor G(Xg) - F(X) < O.
®dyukuun pacnpeaenenus F(X) u G(X) HenpepoiBabl cieBa (cM. (4)), a moToMy
UX Pa3HOCTh HempephiBHA ciieBa. Clie0BaTEIbHO, CYMIECTBYIOT X3 < Xg U J >0
takue, 9To G(X) - F(X) < -J mpu X; < X < Xg. CyIiecTByeT HenpepbIBHAS, CTPOTO
BO3pacTaroias GyHKuus $(x) Takas, 4To

$(x) =0, $0%) =1 lim $(x) =&, lim $(x) =1+e.

Jiist aTout pyHKIMU ycaoBue (3) BBIIOIHEHO,
2 % Xo +oo
[(G() - F9)dg(x) < [2dg(x) - 5[ dg(x) + [2dg(x) =46 -5, (11)

yt0 MeHbIne O npu 46 -9<0.
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CnenoBarenbHo, ycnoBue Mg@(X)>Mg(Y) Bieuyet F(X) < G(X). Eciu F(X)
= G(X) mpu Bcex X, To M@(X)=Mg(Y), clemoBaTeIbHO, HaHmeTcs Xo, IS
koToporo F(Xg) < G(Xo).

JlokaxkeM gocratouHocThb. ITycte F(X) < G(X) npu Bcex X. Torma B cuiry
(10) Mg(X)=Mg(Y). IlycTh cymecTByeT Xg Takoe, uto F(Xo) < G(Xg). Torma us-
3a HenpepbiBHOCTH ciieBa G(X) - F(X) maiimercs >0 u X; < X Takue, 4TO

G(x) - F(x) >9 >0 npu Bcex x0[x,x%,]. CneqoBaTensHo,
%o
M (#(X)) - M (&(Y)) 2 jdi¢(><) =0(p(x%) —#(x)) >0,

IIOCKOJIBKY ¢ CTpOTO Bo3pactaer. Teopema 5 mokasaHa.

OTmeTHM, UTO TIOJydeHHOE B TeopeMe 5 ycmoBue Ha F u G mHBapHaHTHO
OTHOCHUTEIILHO JIONYCTUMBIX B TIOPSAKOBOM IKajie mpeodpasoBanuii. OHO
BBITIOJTHEHO, HApUMEP, U pactpeIeieHnid, oTandaromuxcst casurom: G(X) =
F(x+8), §>0.

Teopema 6 [9]. Ilycmv X, Xp, ..., Xm - He3zasucumvie 0OUHAKOBO
pacnpeodenennvle cayuatinvle geauyunsvl ¢ gyukyueli pacnpeoenenus F(X), a Yy,
Yy, ..., Yn - He3asucumvie 0OUHAKOBO pAChpedesieHHble CAYYAliHble BeIUYUHbL C
@ynxyueii pacnpeoenenusi G(X), npuuem nocnedosamenvnocmu {X} u {Y;}

nezasucumol medxncoy covoul, M(X1) > M(Y1). Umobwr seposimnocme cobvimus

{w: P(X) +H(X) +..t P(X,) >¢(Y1>+¢(Y2>+...+¢(Yn)}

m n

cmpemunace k 1 npu min(m,n) - o 015 110001 cmpozo o3pacmaroujeis yHKyuu
¢ , yoosremeopstowel coomuoutenuio (3), He0bxo0UMo U 0OCMamouHo, Ymoodwl
npu ecex X gvinoansiiocy nepasencmso F(X) < G(X), npuuem cywecmesosan X,
o1 komopozo F(Xg) < G(Xo).

Jloka3zateabcTBo. [lo Teopeme 5 cdopmynupoBaHHOE B YCIOBUU
Teopembl 6 TpeboBanne Ha F u G HE0OXOAMMO M AOCTATOYHO IS TOTO, YTOOBI

Mg@(X,) > Mg@(Y,) Tpu BCEX pacCMaTpUBAEMBIX ¢, IIPU ITOM CYILIECTBOBAHUE
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Mg@(X,) u Mg(Y,) BbiTekaeT u3 TeopeMbl 4. Ilpu min(mn) — «© 1O Teopeme

XunuwHa (cM., Harpumep, [11,¢.208])
¢(x1) + ¢(X2) ot ¢(Xm) - M (¢(xl), ¢(Y1) + ¢(Y2) ot ¢(Yn)
n

m

- M(#(X,)

10 BEPOSATHOCTH, OTKYJA U CIIeyeT Tpedyemoe.

Teopema 6 maeT ycioBus, MpU KOTOPBHIX (B YKA3aHHOM BBIIIE CMBICIIE,
OCIIa0JICHHOM II0 CpaBHEHHI0O ¢ TeopeMoir 1) MOXKHO TIOJB30BaThCS
BBIOOPOYHBIM ~ CPEIHUM apuMETHUYECKUM TIpu 00pabOTKEe pe3yJbTaToB
HAONIOCHUI, W3MEPEHHBIX B TMOPSIKOBOM Imkane. He Bcerma sicHO, Kak
IPOBEPUTHh ATH YCJIOBHS B pEalbHbIX cUTyauusix. [[is OByX KOHKpPETHBIX
BBIOOPOK OTBET Jaercs Teopemoit 5, ecnmu F u G 3aMEHUTh SMIHUPUUECKUMHU
byHKIHUSIME pacnpeneneHus. Ecam mMeercs MHOTO map BBIOOPOK, TO MOXKHO
POBEPUTH ONM30CTh K 1 4acCTOTHI BBIMOJIHEHUS AJI HUX YCJIOBUH, JTaHHBIX B
TEOpeMe 5, UJIN e MOMBITAThCS MCIOIb30BaTh JOBEPHUTEIbHbBIE TPAHUIII 1 F
u G, MOCTPOEHHbIE MO HMIOUPUYECKUM (GYHKUUSIM paclpeaesieHus JUis
00beIMHEHHBIX BBIOOPOK. Eciii e HEeT BO3MOXXHOCTU HAAEKHO YCTAHOBHTD
CIIPaBEUIMBOCTh PACCMATPUBAEMBIX YCIIOBHM, TO Il O0OpabOTKH peasbHBIX
JAHHBIX 1EJIecCO00pa3HO HCIMONb30BaTh HE CpelHuEe apupMeThdyeckue, a

MEJIMaHy U ApPYTYe YIEHbl BAPUALMOHHOIO PAA.

4. AieKBaTHbIE CPpeHHE B KOJTHYECTBEHHBIX IIKAJIaX

[TepeiimeM K W3y4YeHHIO cpeqHuX BUaa (2) - B3BEIICHHBIX CPEIHHX IIO
KonmoropoBy. M3naraemeie pe3y/abTaThl BIIEpBbIe MOJIy4YeHBI B [9], HECKOIBKO
0000m1eHsI B [12].

Paccmotpum 3anauay (1) pasgena 2 mist cpenaux Buaa (2).

Teopema 7. Ilycmv npeobpazosanue wkaiwi ¢ nepegooum 8 ceos

obnacmu onpedenenusi pynkyuu F uz (2), oma obnacmo sensemces cessnou, F u

¢ oughghepenyupyemol, npuuem npouzsoonas F'(X) :¥ He oopawaemcs B 0.
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Ilycmo ¢ oonycmumo omuocumenvro g(X) uz (2). Toecoa cywecmeyiom wucia a
> Qu b maxkue, umo
#(x) = F(@F (x) +b) (12)
o1 6cex X uz oonacmu onpeodenenus F. Obpamno, ecmu ¢ umeem suo (12), mo
¢ 0onycmumo omHoCUmenbHo g.
Hoxka3zareabcTBo. 3 crporoit moHotoHHoctu F crnemyer, uto ¢
JOIyCTHMO OTHOcuTebHO Q(X) Torma W TOJIKO TOTA, KOTJa ¢ JOIyCTHMO

otHocutenbHO F(g(X)). [Tockombky

F(g(X)) = > aF(x), (13)

I<ign
TO €CTECTBEHHO BBECTH HOBBIE mepeMennrie Y = F(X), i = 1, 2, ...Nn. ScHo, uTO

¢ nomyctumo otHocuTenbHO F(g(X)) Toraa u TobKO TOrAA, KOraa

H(y) = F(@(F(y)) (14)

A0IIyCTUMO OTHOCHTCIIBHO

h(y, y?,....y") = > dy'.

I<isn

Oynknus 4 omnpejeiieHa Ha CBI3HOM MHOXectBe F(A) m B cuily yciaoBwid
TeopeMsbl 7 nuddepeHunpyema.

ITo kpaitHelt Mepe nBa U3 KO3(PHUIIMEHTOB ai, I =1, 2, ...,n, B hopmyie
(2) ormmuner ot O m 1. be3 orpaHnyeHus] OOIIHOCTH MOYKHO CUHTAaTh, UYTO
TaKoBbI & 1 &°.

Badukcupyem Y, ..., y". O6o3maunm Y = (v, y°). Torma g AOMyCTHMO
OTHOCUTEITLHO

d(y) =a'y* + ai~

[Ipenmonmoxum, 4urto '(y,) <0 mpu HekotopoMm Y,0F(A). Ilonoxum
Vi =Y =YY =Y =Y, +&, rae £>0. Torma d(Y:) <d(Y>), omHako
d(u(Y) —d(u(Y,)) =~ (Yp)(@ +a’)e +0(g) >0
IpU JOCTATOYHO MAJIOM €, BONPEKU ONPEHCIIEHUI0  JOIYCTUMOCTH.

CnenoBarenbHo, u'(y) =0 npu Bcex yOF(A).
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[Mpenmonoxkum, uro '(y')# u'(y") npu Hekotopbix Y u Y"' u3 F(A).
[MomoxkuM vy, =y', P =y", Vs =Yy'—¢€, Yo=y'+&', TIEe & U & TOJOXKHATCIHHBI.
Torna

d(Y) - d(Y,) =ae - %", d(u(Y) - d(u(Y,) = a (y)e -84 (y")e+o(e +&)

Opy  JOCTATOYHO MaiblX & W &'. Jld TONydeHHs TMPOTHUBOPEUHUS C
OTIpeIeTICHUEM JIOMTYCTUMOCTH IOCTATOYHO MO00paTh £ M &' TaK, YTOObI

(ale - %) (@ (y)e - au (y")€") <0. (15)
be3 orpanuveHust OOIIHOCTA MOKHO CYUTATh, uTo 4'(Yy")>0. Ecin

o= LW LY
2a°4'(y")

To HepaBeHCTBO (15) cipaBemmBo. CremoBaTesibHO, '(Y') = '(y'") MpH JTHOOBIX
y' u y" u3 F(A). [Tockonbky F(A) cBsa3HO, TO cymiecTBYOT yncia a > Ou b rakue,
4TO
u(y)=ay+b. (16)

B cnysae a = O wmeeM mNpOTHUBOpEUHE C OMPEACICHHEM JOMYyCTUMOTO
npeoOpa3oBanus. 3Hauurt, a > 0.

Homarast X = F(y) , monygaem ¢ momomisio (14)u (16),uro

#(x) = F(u(y)) = F(aF(x) +b),

a 3TO U TpeOOBAJIOCh I0KA3ATh.

Eciu ¢ umeer Bun (12), 1o B coorBercTBuM ¢ (14) 1 3amaercs hopmyoi
(16). SIcro, 4To Takoe u momycTEMO oTHOcHTensHO h(Y', VP, ..., V"), OTKyza u
cienyet oOpaTHOE yTBEpXKICHUE TeopeMbl. Teopema 7 Toka3aHa.

Jlo KoHIla pasnena cuMrtaeM, uTo (QyHKIUsA F ompeneneHa Ha CBA3HOM
MHOXecTBe AR

Paccmotpum 3amauy (1) (cm. pasnen 2) mis cpenanx Buaa (2). OtmeTum
CHauaya, 4To pa3n4Hble PYHKIMU F MOryT 3amaBaTh OJHO M TO )K€ CpeIHEe.
Tak, cpeanee apudmerndeckoe momydaercs npu F(X) = cx +d, c#0, cu d -

JIFO0BIE YK CIIA.
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Teopema 8. Ilycmb oughgpepenyupyemoie hynxkyuu Fy u F, onpeoenenwi

Ha 0OHOM U mMoM dce MHodcecmae, npuuem F,' ne obpawaemcs 6 0, cpednue

91(X) u g2(X) umerom suo (2):

6,(X) = Fﬁ(;na;ﬁ(xi )], 9,(X) = F;l(;na‘za(x‘ )),
u 91(X) = 92(X) ons scex X us obracmu onpedenenus. Tocoa npu HeKomopwvix
cz0ud
Fi(¥) =c Fx(x) +d (17)
u, Kpome mozo,
a=a, i=12..,n (18)
Obpammno, uz cnpaseonrusocmu (17) u (18) ssimexaem, umo ¢gy(X) = gx(X) ons
ecex X uz obnacmu onpeoeneHus.
Jloka3aTejbCTBO. be3 orpaHnyeHuss OOLUTHOCTH MOXHO CYHMTaTh, uTo F)
CTpOTO BO3pacTaert, a =a, >0. Torna a >0. M3 yclioBHS TeOpEMBI CIIEAYET, YTO
;na‘iFl(xi) = Fl(FZ‘{;na;Fz(x‘)D : (19)

Ipoxuddepenupyem obe gactu coorHourerns (19)mo X

dR(F,(2)

ailFll(Xl) = dz

o BF00), (20)

rne
2= YA (). (21)

I<i<n
ITycte @ u b BxoasaT B o0aacTh onpenencHus Fi u Fp, a < b. Tlokaxkem,
YTO CYIIECTBYET YHCIO Zy Takoe, 4YTo i Jroooro x [[ab] MOXHO Tak
noao0paTh NG , N ..., X", uT0OBI Zy = Zy' ipu Beex x'O[a,b], rae Zy onpeneneHo B
(21).
ITycTh . X MPOU3BOJIbHBI. [1010KUM

2)'=8;F,(a) + a3F,(0) + D aF,(x).

3<isn

IIpu yBenmdeHHH X' 6YIeM yMEHbIIATh X° TAK, YTO6bI
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a,F,(X) + a;F,(X°) = &;F,(a) +a;F,(b)

T.C. ITIOJIOXKHUM
X = Fz_l( Fz(b) +%(F2(a) - Fz(xl)j . (22)

[Tockonbky as>a; >0, To npu 3ToM Xx°O[ab], ecnu x'0[a,b], T.c. onpeeieHne
X* ¢ TTOMOIIBIO (22) KOPPEKTHO.

[TockonbKy Zy = Zy' ipu Bcex X' O[a,b] u a # 0, To u3 (20) BEITEKAET, 4TO

Fr'(x) = c F2(X) (23)

npu Bcex X O[ab] u coorBerctBytomieMm C. [Ipu 3tomM c#0, mockojiabky Fp -
cTporo MoHoTOHHas (pyHkmus. [lockoiabKy & U - b - mMpou3BOJIbHBIE YUCIIa U3
CcBsI3HOM oOmacty onpexenenus Fi, i = 1, 2,70 (23) BBIIOIHEHO IPU BCeX X U3
o0JacTH ompe/esieHus, a MoToMy crpaseiuBo (17).

Iockombky K CF(X) + d obpartroit dpyukueii sesercs F(c(x - d)), o,
KaK JIETKO BHJIETh, U3 (17)BbITeKaeT, 4To

Fl_l( >a Fl(x‘)] = F;l( >a Fz(x‘)j :
I<i<n I<i<n

CrnemoBatelbHO, OCTAJIOCh TOKa3aTh, uTo B cioydae F; = F, w3 gi(X) =
02(X) (mpu Beex X u3 obmactu onpeenerust) Borrekaer (18). 3aduxcupyem X,
X2, ...,X" u paccmotpum (19) mpu X' = a u X* = b. BbIuTs mepBoe paBeHCTBO U3
Broporo u pasaenuB Ha Fi(b) - Fi(a), monyunm a =a). [Ipoune paBeHcTBa B
(18) nokassiBaroTcs aHajgoruuHo. TeopeMa 8 qokasaHa.

Cornamenue. Benenctsue teopembl 8 ykaspiBaeM B JanbHeimeM F(X)
JIMIIB ¢ TOYHOCTBIO JIO IMHEHHOTO MPEoOpa30BaHMs.

Teopema 9. [lycmv npeobpazosanue @(X)=ax+b, a#l, odonycmumo
omuocumenvho cpeoneo Q(X) euoa (2). @yukyus F ouggepenyupyema, mouka
Xo = b(1 - a)™* exooum 6 o6nacme onpedenenus F, npuuem F ' nenpepuisna 6 Xo u

F'(x,) 20. Toeoa F(X) = X.

Jloka3aTeibcTBO. [To Teopeme 7 cymecTBytot & > Ou b Takue, uto
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F(ax + b) = a;F(X) + b,. (24)
[Mpomuddepernupyem ode yactu (24) 1o X:
aF'(ax + b) = a;F'(x). (25)
[Momoxxum X = Xo. [Tockonbky aXy + b =Xou F'(x,) 20, T0 u3 (25) BeITEKAET, YTO
a =a; > 0.3unauwur, m1s F ' cipaBeninBo GyHKIMOHAIBLHOE yYpaBHeHHe F '(ax +
b) = F '(X). [Tosmoxxwus t(X) = F ' (X + Xo), mepeiieM K ypaBHCHHIO
t(x) =t(ax). (26)
[Mockonbky F '(X) HenmpepbiBHA B Xp, To hyHKIM t(X) HenpepsiBHA pu X = 0.
[Tpu pemennn ypaBHeHus (26) 0e3 orpaHuueHUss OOLIHOCTH MOKHO
cuntath a < 1. /[ mpoW3BOILHOTO X PAaCCMOTPHUM IOCIIEAOBATEIBLHOCTD X, =
ax,n=1, 2, .. Jns Heé x, - 0 mpu n - oo, cremoBaTenabHO, t(X,) - t(0).
Onnako B cuiy (26) t(x,) =t(x), 3HauuT, t(x)=t(0). B mpexHux 0003HaAUYCHUAX

umeeM F '(X) = F '(Xo) mist 100010 X M3 CBSI3HOM 0OJIACTH OINpeieIICHUs
dbyHKIMH F, 9TO C y4eTOM MPHUHATOTO BBIIIE COTJAIICHHUS TI0KA3hIBAET TEOPEMY
9, cormacHO KOTOpOW  cpeaHee  apuPMETHUECKOE  XapaKTepPU3yeTcs
aJICKBAaTHOCTBIO B IITKAJIC HMHTEPBAJIOB.

OTMmeTrM, YTO B COOTBETCTBHMH C TeOopeMod 7 mpeoOpa3oBaHMs
#(X) =ax+b sBustoTCsA momycTUMbIMUA oTHOCUTENbHO J(X) Buaa (2) ¢ F(X) = X,
T.€. OTHOCHUTEJIBHO CPETHETO apu(PMETHICCKOTO.

Teopema 10. Ilycmwv npeobpazosarnus $(X) =X+ donycmumvl npu 10ooM
Cc omnocumenvno Q(X) suoa (2) ¢ nenpepwisno ouggepenyupyemoii pyukyuet
F. Tocoa F(x)=exp{axt npu nexomopom a #0 uiu F(X) = X. Obpamno, eciu F
umeem YKA3AHHGIL 6UO, MO npeodpazosanus @H(X)=x+c  O0onycmumol
omnocumenvro §(X) npu mob6om C.

Joxka3aTtenabcTBO. [1o Teopeme 7 cymectBytoT Gpynknuu a(c) > 0 u b(C)
TaKWe, 4To

F(x + ¢) =a(c)F(x) + b(c). (27)

[Mpomuddepennupyem ode yactu (27) 10 X:



Hayuneriit sxxypaan KyoI'AY, Ne134(10), 201 Foqa 21

F'(x +c) =a(c)F '(x) (28)
[Tockonbky F cTporo MOHOTOHHA, TO CYIIECTBYET TOUKA Xp TaKasi, 4To F'(x,) #0.
W13 (28) mpu X = X BBITEKAET, YTO

a(c, + ¢) =a(cr)a(cy) (29)
npu JOObBIX C; U Cp. M3 HempepwiBHOCTH F' ¢ yuerom (28) ciemyer
HenpepbIBHOCTH A(C) kak (yHkuu C. Kak m3BectHo [13, m1.75, ¢.158-159],Bce
HETpephIBHBIE pelIeHUs ypaBHEeHUs (29) UMEIOT BU/

a(c)=d,d>0 (30)
(pemrenne a(c) =0 HECOBMECTHMO CO CTPOroi MoHoTOHHOCTHIO F). U3 (28) n
(30) BeITEKACT, YTO

F'(X) =d*F '(0) =F '(0) exp{ Ind}.

[TpounTerpupoBaB, NojaydyuM (C yd4eToM MPHUHATOrO corjiameHus) GyHkmun F
yKazaHHOTO B 3akmoueHuu Teopembl 10 Buma. OOpaTHOEe yTBep)KIeHHE
teopembl 10 J1erko mpoBepsieTcs: ¢ TOMOIIBI0 00PATHOTO YTBEPKIACHUS TEOPEMBI
7 (8 (12) nocratouno monoxuth b = 0). Teopema 10 noka3ana.

CaencrBue 1. ITycts mpeobpaszoBanue ¢(x) =ax’, x>0, b#1, IOMyCTUMO
otHOcuTeNbHO cpenHero g(X) Buma (2), obmacte ompeneneHuss F BXoauT B
(0+00) U COmEPXHUT TOUKy Xo = exp{(1b)™ina}, dyrkumst F quddeperimpyema,
F ' menpepsiBHA B Xg 1 F'(X,) #0. Torma F(X) = Inx.

CaenctBue 2. [lycth nmpeoOpazoBanus ¢(X) =ax JAOMYCTUMBI MPHU JIFOOOM
a > 0 oruocurenpHo Q(X) Buma (2) ¢ HempepbiBHO auddepeHnpyemMoit
dbynaknuei F, obmacte onpeneneHuss KOTopoir BXoaut B (0,+«) . Torma F(x) = x“
npu HeKoTopoM a # 0 wim F(X) = Inx. O6patHo, ecnu F umeeT yka3zaHHbBIN BUJ,
TO IIpeoOpa3oBaHus @(X) = ax JOMYCTUMbI OTHOCUTENbHO g(X) mpu arodom a > 0.

C momoIpio 3aMeHbl mepeMeHHor Y = INX cienctBust 1 u 2 cBoasATCS K
tepemaM 9 u 10 cOOTBETCTBEHHO.

CaeacrBue 3. Ilycte mpeobpazoBanusi  @(X)=x°  JOIMYCTHMEI

ornocutenbHo Q(X) Buma (2) mpu Bcex b > 0; obmacte omnpeneneHus
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HenpepeiBHO auddepennupyemoir pynknuu F  Bxomur B (L+w). Torma
F(x) =(Inx)? npu HeKoTopoM a #0 wim F(X) = In In X. O6patHo, eciin F numeer
yKa3aHHBIA BUJI, TO peoOpa3oBaHus @(x) =X JOMyCTUMBbI OTHOCUTEIHHO J(X)
npu sro6om b > 0.

C momotipio 3aMeHbl TiepeMeHHoi Y = In In X ciencteue 3 cBOATCS K
teopeme 10.

PesynbTaThl HacTOAIIEro pasaena TMO3BOJAIOT JaTh PEKOMEHIAIUN
OTHOCUTEJIFHO HCIIOJIb30BAaHUS CPEJIHUX BEJIMYUH MpU 0O0pabOTKE MAHHBIX,
U3MEpPEHHBIX B TOH WJIM WHOW mmikaie. Tak, w3 cpemnux Buja (2) B mkaie
MHTEPBAJIOB MOXKHO MCIIOJIb30BaTh TOJBKO CpeAHee apuPMETHUECKOe, B IIKaje
OTHOIIIEHUH - TOJBKO CTETIEHHBIE CPEIHUE WIIH CPEIHEE TEOMETPHUIECKOE.

3ameuanune 1. B [14] M. Harymo Takke MOIY4YWJI XapaKTepH3aIHIO
CTEIEHHBIX CPEIHUX M CPETHEro apu(MeTHUecKoro cpeau cpenHux Buaa (2).
OpHako OH HMCXOAWJ HE W3 YCIOBUS YCTOWYMBOCTH pe3yjIbTaTa CpPAaBHCHHUS
CPEeIHMX JJIsSl IBYX COBOKYITHOCTEH, a U3 yCIOBUN

g(ax) =ag(X), g(ax+nb(1, 1, ..., 1)) =g(X) + b
1t mro0bix a> 0wu b.

3ameuanue 2. B Tteopeme 9 paccMmarpuBaercss OJHO OIPEIEICHHOE
npeoOpazoBanne ¢(x) =ax+b. [Ipu sTom Ha D HEe HANOKEHO CHIENHUATHHBIX
yCIIOBUH, B 4aCTHOCTH, MOXHO ToJ10kuTh b = 0. Ho Torma ¢(x) =ax - ogHo u3
npeoOpa3oBaHnii, yKa3aHHBIX B CJCACTBHHM 2, corjlacHO kotopomy ((X) -
CTENeHHbIe cpenHue. Mexay TeM B Teopeme 9 yrBepkmaercs, dro g(X) -
cpennee apudmerndeckoe. Takum oOpa3oM, MPU MOBEPXHOCTHOM CPABHCHHH
Teopema 9 u ciencrBue 2 mpoTuBOopedar Apyr Apyry. CpaBHUM HMX YCJIOBHS
oonee moapodHo. Ilpu b = 0 umeem Xo = 0, ognako Touka X = O He BXOAMT B

obnacte ompenenenus F cormacHo cnmeactButo 2. [lanee, ecnmu F(x)=x7, TO

F'(x) =ax®*,a #0, clenoBaTeNnbHo,
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0 a>1

F'0)=41 a=1

o, a<l.
Takum o6pazoM, npu a <1 HeBepHO, uTo F nuddepenuupyema npu X = Xg = Ou
F ' HenpeppiBHa B Xo, a mpu a>1 HEBepHO, 4TO F'(%)%0. Ocraercs
€IMHCTBEHHBIN CiIy4ail a =1, COOTBETCTBYIOIINNA CpeHEMY apu(PMETHIECKOMY .

Taxum oOpazom, Teopema 9 u ciieCTBUE 2 HE MPOTUBOPEUAT APYT APYTY.

3ameuanue 3. Pe3ynbTaThl HACTOSILIEro pasjefia UCMOIb3YIOTCS MpU
oOcyxaeHuu (popMyIMPOBOK ONTUMHU3AIMOHHBIX 3a71a4, MpeAHa3HAYCHHBIX AJIs
OTpeNeeHUs] CPEJHUX BEIUYMH B IMPOCTPAHCTBAX OOBEKTOB HEUHUCIOBOU

npupobl [6], a Takke B kiactep-ananmse [15].

5. AIeKBaTHOCTh MHOTOYJIEHA B IIKaJie OTHOIIEHUI

3aaum THITa PAaCCMOTPEHHBIX B pasjienax 3 U 4 MOXHO peliaTh He TOJIBKO
JUTS cpeTHUX Bem4auH. [IpuBeaem nmpumep.

Teopema 11. Ilycmob h(X),X OR" - mHo2ounen om N nepemenuwvix. Ilycmo
p(x)=ax npu mobom a > 0 odonycmumo omuocumenrvno h(X), Toeoa
cyuwecmsyrom 00HopoOHblll MHo2ouner hy(X), X OR", u muocounen g(X),xOR',
maxue, umo h(X) = g(ho(X)).

Joka3zareabcTBo. Cobepem B h(X) BMecTe wieHbl OIHOM W TOH Ke
crerenu. Toraa npu HeKOTOpoM K

h(X) = Co + hy(X) + hy(X) + ... +hy(X), (31)
rae Co - cBoOomueni wieH, hi(X) - omAHOPOJHBIE MHOTOWICHBI CTEICHU
B0),i =12,...k, mpuueM 1< B(1) < B(2) <...< B(k) . OTmMeTHM, YTO

h(ax) =a’"h (X), i =12,...k. (32)

[TokaxeMm, 94TO CYIIECTBYIOT JEHCTBUTENIbHBIC Yncia G, | = 2, ...,K, Takue,

qTo

h®(X) =gh(X). (33)
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Jl7is Havaia 3aMeTHM, 4TO MPH a — O

h(ax) = a’®h (X) +O(a*™*). (34)
N3 (34) u pomyctuMocTH ¢(X) =ax mpu jroooMm a > 0 otHocurensHO h(X)
cnenyer, uro h(Xy) < h(X;) Torma m Tompko Torma, xorma hi(X;) < hy(Xy).
NeitctBurensHo, mycth h(X;) < h(Xy). Torma h(aX;) < h(aX,) mpu nrooom a > 0.
N3 (34) caemyer, uto B 3ToM ciydae hy(X;) < h;(Xp). Ilokaxkem, uro mmeer
MECTO CTporoe HepaBeHCTBO. [Ipearnonoxum, mpotuBHoE, mycth hi(X;) = hy(Xy).
Ecmm h(X;) < h(X3) < h(X;), To 13 (34) 1 ycioBus yCTOHYMBOCTH OTHOCHUTEIIBHO
cpaBHEeHHS cienyet, uto hy(X;) = hy(X3) = hy(X;). B cuny HenpepsiBHOCTH (X)

CYIIECTBYET OKPECTHOCTh B={X:p(X,X,)<& Touku Xz (p - eBKIHIOBa

metpuka B R') takas, uto h(Xy) < h(X) < h(X,) ans mob6oro X OB, a notomy

h.(X) = hy(X,) = constmisa mroboro X OB. Orcrona cineayet, uto hy(X) = const
st Bcex X OR" (yOeauThesi B 3TOM MOKHO, HAIIpUMED, MEpeHecs IEHTP, B X3 U

BOCIIOJIb30BAaBIIKMCH BhIpAXEHHEM KO03(D(DUIIMEHTOB MHOTOWICHA Yepe3 3HAYCHHUS

NPOM3BOIHBIX B Hayajle KOOpAWHAT). MTak, MOJIydeHO NpPOTHBOPEUYHE,

nokaspiBaroriee, uro hy(X;) < hy(Xy).

Jlokaxxem oOpatHoe ytBepkiaenue. [Iycts hy(X;) < hi(Xy). Torma uz (34)
cnenyer, uto h(aX;) mpu gocratouHo maneix & meHbine h(aXy), a moromy B
COOTBETCTBUU C JOMYCTUMOCTBIO ¢ OTHOCHTEIBHO h, rae ¢(x) =a'x, umeeMm
h(X1) < h(X;). I3 npoBeaeHHBIX pacCyacHHIA ciaemyeT Takxke, aro h(X;) = h(Xy)
TOorga W TOJIbKO Torma, korma hy(X;) = hy(X;). IToaromy cymiecTByeT CTpOro
BO3pacTarolas GyHKIHS J; TaKasi, 4To

h(X) = gu(h:(X)) (35)
npu Bcex XOR". OOnacTeio ompeneneHus: @; sBisseTcs 00JacTh 3HAYCHHH
oHOpOoHOTO MHOTOouWwIeHa hy(X), T.e. R', [0,+00) wtH (—00,0] .

HetpyaHo BUAETH, 4TO IPH @ —

h(aX) = a®h, (X) + O(@*®?), (36)

AHaJIOTHYHO ToKa3aTeNbeTBY (35) momyyaem, 4to
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h(X) = gz(h(X)) (37)
JUISL HEKOTOPO# cTporo Bo3pacTaromiend GpyHkiuu gp. CienoBaTensHo,
h (X) = g;"(h(X)) = g, (9,(n,(X))) = g ( (X)), (38)

e g3 - CTPOTO BO3pacTarorias GyHKITHS.
Harinem pyukuuio gs. U3 (38) cenyer, uro
hi(bX) = gs(hy(bX).
Omnako h,(bX) =b’®h(X). C mpyroit croponsr h (bX)=b“h (X)=b"“g,(h(X)).
[Monaras y = hy(X), b’® =c, monydaem GpyHKIHOHATLHOE YPaBHEHHE
95" (cy) =c”“gs(y),
OTKyJ1a
95 ?(y) = y*" (39)
npu cootBeTcTBYIOMIEM Cy. 3 (38)u (39) cnenyer cnpaBemmBocts (33) mpu | =
k.

N3 (35)m (38) cenyer cymecTBoBanue GyHKIIUN Qy TAKOH, ITO

hy(X) +ha(X) + ... +he1(X) = ga(ha(X)). (40)
Kak HeTpynHo nokasars,
lim a?* I (h(aX) +h(ax) +...+ h_(aX)) =h_,(X). (41)
U3 (40)u (41) cnenyer cyiiecTBoBanue (YHKIUU (s TAKOMH, YTO
hica(X) = gs(Ma(X)). (42)
HNmenHo,
gs(Y) =lima?“?g,(a’®y). (43)

CymectBoBanue npezena B (43) ciaenyeT U3 cylecTBoBanus nmpeneia B (41).
[TocnenoBaTenbHO JOKa3bIBaeM, 4TO Kaxablii u3 MHorowieHos hi(X), i =
2, 3, ...,K - 2, mpencraBnsercsa B Buae ¢yHkimu ot hy(X). Ot GyHKIIMU SABHO
HaXxoAATcs aHajaoruvHo BeiBoAY (39) m3 (38), a u3 ssBHOTO BUAA ATHUX (QYHKIIUH
cienyer crupaBeaauBocTh (33) ms Bcex 1 = 2, 3, ...K.
Bceskuii MHOrO4WJIEH OT N NEPEMEHHBIX pPA3laraeTcs B IIPOU3BEICHUE

HCTIPUBOJUMBIX MHOXKHTEJIEH DTO Pa3I0OKEHUE OAHO3HAYHO C TOYHOCTBLIO O0
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MHOKHTENeH HyleBo# crernenu [16, ¢.315]. Pasnoxum hi(X), i = 1, 2, ... K, Ha
HENPUBOUMbBIC MHOKHTETH. 13 cripaBeymBocTH (33) cileyeT cyliecTBOBaHUE
mHuorouiaeHa ho(X) Takoro, 4o
h(X) =gh(X), (44)
rae a(i) - HaTypajbHbIC YKCIa, C - AeWCTBUTEIbHBIC uncha, | = 1, 2, ...k U3
(31) u (44) crnenyer 3akmoueHue TeopeMbl 11. Jloka3aTebCTBO 3aKOHYCHO,
nockoibKy u3 (44) ciemyer Ttakke oOgHOpPoaHOCTH hg(X), a u3 Heé -
JIOMYCTUMOCTh  @(X) =ax OTHOCHTEIbHO MoyydeHHOro MHorowieHa ho(X) mpu
aro6om a > 0.
CpaBHuBas MeTo bl pasneioB 4 u 5, Bumum, uro s pemrenus 3anad (1) u
(Il) pa3mena 2 B KakIoM KOHKPETHOM CjIy4dae HEOOXOIUMO HCIIOJIb30BaTh CBOM
MaTEeMaTHYECKHUW armapaT, XOTsS Obl JONMYCTHUMBIMH OBLTM OJHH M TE XKE

npeodpa3zoBaHus.

6. AIeKBaTHOCTDh MOKa3aTejieil CBA3H

[IpuBenem CBOAKY HaMJECHHBIX HAMH CBOMCTB XapaKTEPUCTUK CITyYaWHBIX
BEJTMYVH.

1. Jlnst 060 cimyyaiiHOM BeTMYMHBI X U JIIOOOTO CTPOTO BO3PACTAIOIIETO
npeobpazoBaHus ¢ MeauaHa ¢(X) ectb g(med X)).

2. Ilycth s mro0bix cimydaitabix BemmauH X u Y u3 M(X) < M(Y) crenayer
M (¢(X)) <M (g(Y)), Tae ¢ - Bcroay nuddepenmupyemas Gyaknus. Torma ¢ -
nuHelHas GyHKIms: @(x) =ax+b, rme a> 0.

3. IIycte ans ar00bix cnydaineix Beaunund X u Y u3 D(X) < D(Y) caenyer,
gyto D(#(X)) <D(4(Y)), e (PyHKIMS ¢ - CTPOro BO3pacCTaloOmias U BCIOIY
muddepennpyemast. Toraa ¢ - muHeiHas QyHKIMS.

4. CpoiicTBo 3 ocTaeTcs CIpaBeIIUBLIM IpH 3aMene auctepcun D(X) Ha

cpennee adbcomotHoe otkiorenne M(|[X - M(X)]).
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5. Ilyctes amst nmro6o¥ citydaliHOM BeIWYMHBI X BBIIOJHEHO OJHO W3
PaBEHCTB
D(X) =D(#(X)), M X -M(X)])=M(g(X)-M(£(X))), (45)
rae ¢ - ctporo Bo3pacraromas GyHkiusa. Torma ¢(x) =x+b mpu HekoTopom b.
OOpatHo, paBeHCTBa (45) BBIMONHEHBI I BCEX ¢, JOMYCTUMBIX B IIKAJle
pa3HOCTEM.

Paccmotpum K03 puIieHT Bapuaiiu

vx) =3P yixy 2o

~ M(X)

6. Ilycte V(X)=Vv(#(X)) nns BceX CIy4alHBIX BeaWYMH X, TOe ¢ -
HEKOTOpasi cTporo Bo3pactatomiasi ¢pyHkuus. Torga cymectsyer a > 0 Takoe,
yro @¢(x) =ax OOpatHO, KO3h(UIMEHT Bapualuu SBISETCS aJCKBATHBIM B
IKajae OTHOLIECHHM.

IlepeiimeM K pacCMOTPEHMIO MOKa3aTEICHd CBSA3M MEXKIY CIyYanlHBIMU
BenMMYMHaMu. Paccmorpum  ciyuaidubiii - Bektop (X, YY), ko3ddunment
KOBapHaiuu

cov(X, Y) =M(X - M(X))(Y - M(Y))
1 KO3 ULIMEHT KOppesIiuu

_cov(X)Y)
"= o000

7. Ilyctb cov(X,Y) =cov(@(X),#(Y)) s modoro ciydaiiHoro Bektopa (X,

Y), Tme ¢ - cTtporo Bo3pacTaromias GyHKIusa. Toraa ¢(x) =x+b Ipu HEKOTOPOM
b. O6patHO, KO3 DHUIIMEHT KOBapUaIlUU SIBJIICTCS aJCKBATHOW CTAaTHCTUKOHN B
1IKaJIe Pa3HOCTEN.

8. ITyctb r(X,Y) =r(g(X),4(Y)) mia moboro ciydaiitnoro Bekropa (X, Y),
rjae ¢ - cTporo Bo3pacraromias GyHKua. Torma @(x) =ax+b mpu HEKOTOPHIX &
> 0 u b. OOparHo, KO>D(PHIMEHT KOPPEIANUN SBISCTCS aJIeKBATHOM

XapaKTCpHCTHKOﬁ B IIKAJIC HHTCPBAJIOB.
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MHorue BcTpeydaronyecs B MPUIOKEHUSIX BEIMYMHBI U3MEPEHBI B ILIKAJIe
oTHomieHud. Vcmonp3oBaHue I HHUX B KadyecTBE IMOKAa3aTelsl CBSI3U
K03 uLIreHTa KOPPESIUH, aIeKBaTHOTO B LIKale ¢ 0ojiee MUPOKOH IpyImnon
JOMyCTUMBIX TpeoO0pa30BaHUil, MOXXET NPUBOAUTH K MOTEepe HH(OPMAIUH.
[IpencraBasieTcst 1enecooOpa3HbIM — HKCIIOJIB30BaTh BMECTO KodgduumeHTta

KOppCJ’I}IHI/II/I CJ'ICI[YIOH.II/Iﬁ IIOKa3aTeJIb CBS3HU.
M (XY)
IM(X3) M (Y3

T.€. KOCUHYC YIJIa MEXK]ly CIIy4ailHbIMH BEJIMYMHAMU X U Y, pacCMaTpPUBAEMbIMU

cos(X,Y) =

KaKk BEKTOpa B JIMHEHMHOM NPOCTpaHCTBE (GYHKIMKA HA TPOCTPAHCTBE
3JIEMEHTAPHBIX COOBITHI Q co cKasipHbIM ITponsBeaeHueM (X, Y) = M(XY).

9. [lycth cos(X,Y)=cos@(X),#(Y)) mig moboro ciaydaiHoro Bekropa (X,
Y), tne ¢ - cTporo Bo3pactaroliee mnpeodpazoBanue. Torma ¢(x)=ax mnpu
HekoTopoM a > 0. OOpaTHO, KOCHHYC yria MEXAy CIydalHbIMH BEIMYMHAMU
SIBJISETCS AIEKBATHOW XapAaKTEPUCTUKOM B IIKAJIE OTHOLICHHM.

CroiictBa 1 - 9 moka3aHbl 2JIEMEHTAPHBIMU CpeIcTBaMU (C MPHUBIICYCHUEM
pe3ynbTaToB paszaena 4) B [5, pasn. 3.6]. KocuHyc yrira BRIOpaH Kak Imokas3areib
CBSI3M MEXIY IPOMBINIICHHBIMU oTpaciisiMu B [17, ¢.62]. C mo3unumii Teopuu
U3MEPEHHI MoKa3aTeNln CBI3U u3ydanuch B [17, 18],a paccrosuus - B [19 - 21].
[TockoJIbKY paHTOBBIE METOJBI MAaTeMaTHYEeCKOW CTAaTHCTUKHA aJCKBAaTHBI B
MOPSAIKOBOM IIKajie, TO MPH aHAIM3€ HW3MEPEHUH B TIOPSAKOBOW IIKale
[eJIecCO00pa3HO  HMCMOJb30BaTh  KOA(M(OUIMEHTHI  PaHTOBOH  KOPPEISAIUU
Kennamia wim Crimpmena (cM. Takxke [22]).

PasButre padoT B paccmaTpuBaeMoii obactu o0cyskaaercs B [23, 24].
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