Hayunsriit sxxypaan KyoI'AY, Ne101(07), 201401a 1

YK 519.2:303.732.4

TEOPETUYECKUE HHCTPYMEHTBI
CTATUCTHUYECKHUX METOJOB

OpitoB Anekcannp MBanoBud
I.3.H., I.T.H., K.(b.-M.H., ipodeccop

Mockogckuii 20cy0apcmeeHHbll MeXHUYeCKull
yuusepcumem um. H.9. baymana, Poccus, 105005,
Mocksa, 21 Baymanckas ya., 5, prof-orlov@mail.ru

PaccMoTpeHbI OCHOBHBIC MATEMATHICCKUE
HHCTPYMEHTHI (TEOPEMbI, METO/IbI), IIOCTOSHHO
HCIIOJIb3YEMBIC TIPH 000CHOBAHMH HOBBIX PE3YJIbTATOB B
00/1aCTH CTATUCTUYECKUX METOIOB. 3aKOHBI OOJBIITNX
YHUCeJI, ICHTPAJIbHBIC PEACIbHBIC TEOPEMBI,
HEOOXOIUMBIC M JOCTATOYHBIC YCIOBHUS HACICIOBAHMUS
CXOAUMOCTH, METO/I IHHCAPHU3ALNH, IPHHIIATT
WHBapUAHTHOCTH

Kmouesrie cnoBa: CTATUCTUYECKUE METO/IBI,
MATEMATHUYECKAS CTATUCTHUKA,
TTPUKITAJIHAS CTATUCTUKA, 3AKOHBI
BOJIbIINX YUCEJI, HEHTPAJIbHBIE
TTIPEAEJIBHBIE TEOPEMBI, HEOBXOAVMBIE 1
JOCTATOUYHBIE YCJOBUS, HACJTEJAOBAHUE
CXOOMMOCTU, METO/I JINMHEAPU3ALIMN,
TIPUHIIUIT MTHBAPUAHTHOCTU

1. BBenenne

HabGop mmpoko

IPHUMCHACMBIX

UDC 519.2:303.732.4

THEORETICAL TOOLS OF STATISTICAL
METHODS

Orlov Alexander Ivanovich

Dr.Sci.Econ., Dr.Sci.Tech., Cand.Phys-Math.Sci.,
professor

Bauman Moscow State Technical University,
Moscow, Russia

We have considered the basic mathematical tools
(theorems, methods) which are used regularly in the
justification of new results in the field of staiisl
methods: rules of large numbers, central limit
theorems, the necessary and sufficient conditions f
the inheritance of convergence, the linearization
method, the invariance principle

Keywords: STATISTICAL METHODS,
MATHEMATICAL STATISTICS, APPLIED
STATISTICS, LAWS OF LARGE NUMBERS,
CENTRAL LIMIT THEOREMS, NECESSARY
AND SUFFICIENT CONDITIONS,
INHERITANCE OF CONVERGENCE,
LINEARIZATION METHOD, INVARIANCE
PRINCIPLE

HCCIICA0OBATCIIIMU  TCOPCTHUYCCKHUX

HHCTPYMCHTOB HpPIKJ'IElI[HOfI MaTE€MaTHYECKOM CTAaTUCTHMKU M CTAaTUCTHUYECKUX

MCTOJZ0B B HCJIOM JOCTATOYHO OI'PAHHUYCH. B H&CTO?IIHCIZ CTaTbeC C06paHBI

OCHOBHBIC MAaTEMATHYCCKHUC HWHCTPYMCHTLI (TCOpCMBI, MCTO,Z[BI), ITOCTOsSHHO

HCIIOJIb3YCMBbIC Ipr 000CHOBaHUU

HOBBIX

pe3ynpbTaToB B 0bjacTu

CTaTUCTUYCCKHUX MCTOOOB. OTH HHCTPYMCHTBI OTHIOAb HE BCCT A JICTKO HAlTH B

JuTeparype 1o TCOpHUH BCpO}ITHOCTCﬁ U MaTEMaTHYECKOM CTaTHUCTHKE.

Hanpuwmep,

TAKHC PpPaCCMATPUBACMBIC JAJICC TCOPCMbI

U METOOBI, Kak

MHOTOMCpHas LCHTpaJIbHas HNPCACIIbHAasA TCOpEMa, TCOPEMbl O HACICIOBAHUU

CXO0AUMOCTH M MCTOA JIMHCApU3aluWH, AAKC HC BKIIFOYCHBI B SHIIUKIIOIICIUIO

«BeposTHOCTh M MareMaTHueckas craTuctuka» [1] — Hambosee MOHBIN, 1O

MHEHMIO COCTaBUTEJIECH OHIIMKJIOIICANHN, CBOJ 3HAaHUU MO 3asBJICHHOM TE€MAaTHKE.

[Mocneauuii GaxkT HArISAHO AEMOHCTPUPYET Pa3pblB MEXAY MaTeMaTHUECKON
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I[PICIIPIHJIPIHOﬁ «TCOpPHA BCpOHTHOCTCﬁ N MaTr€éMaThudcCKas CTaTUuCTUKa» H

HOTpe6HOCT$IMI/I HpHKHaI[HOﬁ CTAaTUCTHUKU U APYTIHX CTATUCTUICCKUX MCTO/IOB.

2.3aKOoHbBI 00JIBLIINX YHCEJT

3aKkoHBI OOJBIIMX YHCEN TMO3BOJIAIOT OMHCATh TMOBEJACHUE CYMM
COydaHbIX  BelIuuuH. [IpumepoMm  sIBisSeTCS  CICAYIOMMM  pe3yJibTar,
noka3aHHbI pycckuM MatemaTukoMm [1.J1. YeObrméBpm (1821-1894)8 1867T.
[lycTh cHauyaja BEpOSTHOCTHOE IPOCTPAHCTBO COCTOUT W3 KOHEYHOTO 4YHCIa
9JIEMCHTOB.

Teopema YeObmméBa. Ilycts ciywalinble BenuuuHbl X, Xo,..., Xk
MOMAPHO HE3aBUCHUMBI U cylnecTByeT uncio C takoe, uro D(X)<C mpu Bcex | =

1, 2, ...,k Torma mis 1F060TO TTOJIOKUTEIBHOTO € BHITOJIHEHO HEPABEHCTBO

P |x1+x2+...+xk_M(x1)+|v|(x2)+...+|v|(xk)|2£ si. (1)
| k k | ke?

YactabiM ciyyaeM TeopeMbl YUeOblleBa siBnsiercsa Teopema bepHymnm —
MEPBBIM B UCTOPUM BAapUAHT 3aKOHA OOJBITUX Yncesl. V3BECTHBIN MaTeMaTHKH
ko0 bepuymau (1654—1705)xuBmmii B ropoae bazens B IlIBeiinapuu, B
camoM koHie XVIl Beka nokaszan 3To yTBEpKIEHUE B paMKaxX MaTeMaTHUYECKOM
MoJien (OImyOIMKOBAaHO JI0KA3aTeNIbCTBO OBLIO JIHIIE Mocie ero cmepTu, B 1713
roay). CoBpeMeHnHast (popMyJinpoBKa TeopeMbl bepHysum Takosa.

Teopema Bepuymau. I[Tycth M — uncno HactymieHud coObitust A B K
HE3aBUCUMBIX (IIONAPHO) MCIBITAHUSX, U p €CTh BEPOSTHOCTh HACTYIUICHHUS
coObITus A B KaXJoM U3 ucnbiTaHui. Torga npu mo0om & >0 chpaBeInBO

HEpaBEHCTBO

ke?

Pﬂ%— P Zg}SM. (2)

ScHo, uto mpu pocte K BeIpakeHus: B mpaBbix 4dactax ¢opmyrn (1) u (2)

ctpemstcss k0. Takum o0pa3om, cpenHee apuMETUYECKOE TOMAPHO
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HE3aBUCUMBIX CIIyYalHBIX BETUYHH COJIMKAETCS CO CPEHUM apu(METUYECKUM
WX MaTEeMaTHYECKUX OXKHUIAHUH.

Bollie 1nwia pedb JMIIb O MPOCTPAHCTBAX 3JIEMEHTAPHBIX COOBITUH U3
KOHEYHOr0 uucia 3JIeMeHTOB. OJHAKO NpHUBEACHHBIE TEOPEMbl BEPHBI U B
obmeM ciydae, Ui MPOU3BOJBHBIX IMPOCTPAHCTB 3JIEMEHTAPHBIX COOBITHI.
OpHako B CINHUCOK YCJIOBUM 3aKkOHa OOJBIIMX YUCET HEOOXOJIUMO JO0OaBHUTH
TpeOOBaHME CYIIECTBOBAHUS AUCTIEPCUI. JIETKO BUAECTH, YTO €CIH CYIIECTBYIOT
JTUCIIEPCUH, TO CYIIECTBYIOT U MaTE€MaTU4YECKHe OXXKHAaHUs. 3aKOH OOJbIINUX
gucen B popme YeOpimépa npruoOpeTaeT CAeAYONIUN BUI.

Teopema UYeobrménsa [2, c. 147]. Ecmm X;, Xo..., Xg... -
MOCJIEIOBATEIBHOCTh MONAPHO HE3aBUCUMBIX CIyYaWHBIX BEJIMYWH, UMEIOLIUX
KOHEYHBIE JUCIIEPCUU, OTPAHUYEHHBIE OJTHOW U TOM K€ MMOCTOSHHOM,

D(X1)<C, D(X2)<C,... D(X)<C,...
TO, KaKOBO ObI HA ObLIO mocTOsIHHOE € > 0,

. 1 1

lim P Ejz:;xj.—ﬁjzzil\/lxj. <gr=1 (3)

C ToukM 3peHus NPUKIAAHBIX CTAaTUCTUYECKUX  HCCIEIOBaHUMN
OTPAaHUYEHHOCTh NUCIIEPCUI BIOJHE ecTecTBeHHA. OHA BBITEKAET, HANPUMED,
U3 OrPAaHMYEHHOCTH JMarna3oHa M3MEHEHMs] NPAKTUYECKH BCEX BEIUYMH,
UCITIOJIB3yEMBIX TIPH PEaTbHBIX pacueTax.

B 1923 r. AJ. XuH4MH TOKa3ajl, 4yTO €CJU CllydaliHble BEJIMYHMHBI HE
TOJIbKO HE3aBHCHMBbI, HO U OJMHAKOBO PACIPEEICHbI, TO CYIIECTBOBAHUE Y HUX
MaTEMaTUYECKOTO OXXUJAHUS SIBISIETCS HEOOXOMUMBIM € JOCTATOYHBIM
YCIIOBUEM JIJIsl IIPUMEHUMOCTH 3aKOHa 00Jjbinux uncen [2, ¢. 150]. Haligens! u
0osee FK30TUYECKUE BapUaHThI 3aK0Ha OomnpImx uncen. Hampumep, Takoil.

Teopema [2, c. 150-151] 1y TOr0 9TOOBI ISl TOCIIEAOBATEILHOCTH X7,
X2,..., Xi...(KaK YrOAHO 3aBUCHMBIX) CIIydallHBIX BEJIUYMH TIPU JIFOOOM

MOJIOXKUTEIIBHOM € BBIIOJIHSJIOCH COOTHOIIIEHHE (3), HEOOXOIUMO U JTOCTATOUHO,

qTOOBI TIPU N — ©
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j=1

n2+(zk:(xj—ij)j

j=1

[i(xj—mxj)]
M

- 0.

3aKOHBI OOJBIINX YHUCEN IS CIyYailHBIX BEJIMYUH CIIY)KaT OCHOBOU IS
AHAJIOTUYHBIX YTBEPKACHUM JUIsl CIy9allHBIX DSJEMEHTOB B IMPOCTPAHCTBAX
Oornee CIOXHOH TNPHUPOABI, B YAaCTHOCTH, B MPOCTPAHCTBAX MPOU3BOJILHON
npuponbl  [3, 4]. OmHako 37eCh MbI OTPAHHYUMCS  KJIACCHYCCKUMHU
bopMyIMpPOBKAMH, CIY>KAIIUMH OCHOBOW JJII COBPEMEHHBIX CTATHCTHYECKHUX
METOIOB.

CMpBICT KJIACCHYECKUX 3aKOHOB OOJIBIIUX YHUCET COCTOMT B TOM, 4YTO
BBIOOpOYHOE  cpemHee — apuMEeTHYecKoe  HE3aBUCHUMBIX  OJIMHAKOBO
pacmpesicieHHbIX  CIIy9allHbIX ~ BEJIMYMH  npuOIkaercs  (CXOmWTCsA) K
MaTEMaTUYECKOMY OXHUIAHUIO ITUX BEIWYUH. [[pyrumu ciioBamu, 66100pouHble
CpeoHue CX005MCsl K meopemuieckomy CpeoHemy.

DTO yTBEpXKIEHWE CIPaBEIIMBO W JUIA JPYTUX BUIOB CPEIHHX.
Hanpumep, BbIOOpOYHAss MeanaHa CXOTUTCS K TEOPETUUYECKOW MeauaHe. JTo
YTBEPKACHUE — TOXKE 3aKOH OOJIBIINX YHCEI, HO HE KITACCUYECKUH.

CymiecTBEHHBIM TPOJBIKCHHEM B TEOPHUU BEPOATHOCTEH BO BTOPOM
nojsoBuHe XX B. SBUJIOCH BBEJACHHE CPEIHUX BEJIMYMH B MPOCTPAHCTBAX
IPOU3BOJIBHOW TPUPOBI U TIOJYUYCHHUE JJIT HUX 3aKOHOB OOJBIIMX YUCET, T.€.
YTBEPXKACHHUMA, COCTOSIIIUX B TOM, YTO OHMIHUpUYecKue (T.. BBHIOOPOUYHBIC)

CpeIHHE CXOAATCS K TEOPETUUCCKUM CpefHuM [3, 4].

3. HenTpajbHble npeaejbHbIe TEOPEMbI

[Tpocretimmii BapuanT LleHTpampHo¥ mnpenenbHOl Teopembr (LIIIT)
TEOPUH BEPOSTHOCTEMN TAKOB.

HenTpaabHas npeaeabHast TeopeMa (nJist OTHHAKOBO

pacmpeaejeHHbIX cjaraembix). Ilycte X;, Xo,..., X, ...— HE3aBHCHMBIE
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OJIMHAKOBO pacHpe/eiCHHbIC CIIy4dailHble BEIUYMHBI C MaTEMaTHYSCKUMHM
oxkumanusamu M(X) = m u gucnepcusmu D(X) = %, 1 =1, 2,...,n,... Toraa

TS TF000TO JIEHCTBUTEIBLHOTO YUCTIA X CYIIECTBYET Ipee

lim

n-oo

P(Xl+ X, +...+X_ —nm

on

rae @(x) — pyHKIUs CTaHAAPTHOTO HOPMAIBHOTO paCIpeIeIICHHS.

< xj =®d(x),

DTy TeopeMy HHOrAa HasbiBaloT Teopemoi Jluuaebdepra — Jlesu [5, c.
122].

B psne npuxknagHeIX 3amad  HE BBIIOJHEHO YCJIOBUE OJWHAKOBOM
pacrpeeeHHOCTH. B Takux ciydasxX UEHTpajbHas IMpeaeibHas Teopema
O0OBIYHO OCTaeTCs CHpPABEMIMBON, OJHAKO HA MOCIEAOBATEIILHOCTh CITyYaliHBIX
BEJINYMH MIPUXOJNUTCS HAKIAABIBATh T€ WA UHBbIE YCIOBUS. CyTh 3TUX YCIIOBHI
COCTOUT B TOM, YTO HHU OJIHO CJaraemMoe He JIOJDKHO OBITh JTOMUHHUPYFOIINM,
BKJIaJl KaXJIOro cllaraeMoro B cpefHee apupMeTUYecKoe JOJIKEH OBITh
peHeOpeKUMO MaJl 1O CPaBHEHUIO C UTOroBod cymmoii. Haumbonee yacto
MCMOJIB3yETCs TeopeMa JIamyHoBa.

Teopema JIssmynoBa — lleHTpajbHasi mpeaejbHasi TeopeMa (s
pasHopacnpeneleHHbIX cjaaraemsbix). [lycte X, Xo,..., X, ...— HE3aBHCHUMBIC
CIIy4aifHble BEJIMYMHBI C MaTeMaTWIecCKUMHU oxumaHusmMu M(X) = m u
mucnepcusmu D(X) = o*#0,1 =1, 2,...,n,... [Iycts npu Hexkotopom & > Oy
BCEX PACCMATPUBAEMBIX CIYYaWHBIX BEIMYUH CYLIECTBYIOT LIEHTPAJIbHBIC

MOMEHTBHI MopsiiKa 2+0 U O0e3rpaHnvyHO yObIBAeT «ApoOb JIssmyHoBa»:
1 n

||szM | Xk -m, |2+6 =0,

oo Bn )

k

rac
k k
Bf =) o7 = D(z xij.
i=1 i=1

Torna as m0060T0 AEUCTBUTEIBHOTO YUCIA X CYIIECTBYET MPEeT
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jim p[ Xyt Xp o an—rm Bl St P xj =0, (4)

n

rae @(x) — yHKIUSA CTaHAAPTHOTO HOPMATIBHOTO PaCIPeICIICHHS.

B cityyae oaMHaKOBO pacrpeeIEHHbIX CIIyYalHbIX CIaraeMbIxX

m=m,=..=m =m B,=D(X,+X, +..+X,)=ayn,

u Teopema JIsmyHoBa nepexoauT B Teopemy Jlunnebepra — Jlepu.

Hcropust moaydeHns MEHTPaIbHBIX NPEICIbHBIX TEOPEM IS YHCIIOBBIX
CIIy4allHBIX BEJIMYMH PACTSHYJIACh HA JIBa BEKa — OT MEpBBIX paboT MyaBpa B
30x rr. XVIII B. g1 HEOOXOIUMBIX U JTOCTATOYHBIX YCIOBUM, MOJYYEHHBIX
JIuane6eprom u ®emnepom B 30x rr. XX B,

Teopema Jlungebepra — PDesurepa. Ilycte X;, Xo..., X, ...—
HE3aBHCHUMBIC CIIyJaiHble BEIMYMHBI ¢ MaTeMaThndeckuMu oxumanusmMu M(X)
= m; u agucnepcusmu D(X) = o7#0, i = 1, 2,..., n,... IlpenensHoe
cootHomeHue (4), T.e. LlenTpanpHas npeaenbHas TeopeMa, BBITOJIHEHO TOTAa U
TOJILKO TOTJ1a, Korja mpu jrooom T > 0

|imii I(x—m)zdF (x0=0
nee Br? k=L |x-m, |>18, ‘ ’
riae Fy(X) o6o3HavaeT QyHKIHUIO pacnpeeieHus CIyJaiHONW BETHUUHBI Xy.

JlokaszaTenbCcTBa TEPEYMCIACHHBIX B HACTOSIIEM pa3jelie IEHTPaIbHBIX
MPENETbHBIX TEOPEM JIJISl CIyYalHBIX BETUYHMH MOXHO HAWTH B KJIACCHYECKOM
Kypce TeOpuu BepOsTHOCTEH [2].

Jl1s1 000CHOBaHUS MHOTHX CTATUCTHUYECKUX METOAOB OOJIBIIOS 3HAYCHHUE
“MeeT MHOTOMEpPHAs IIEHTpalbHas MpeenbHas TeopemMa. B Hell peusb uuet He o
CyMME CIIYYaiHBIX BEJTUYHH, & 0 CYMME CITy4YaliHBIX BEKTOPOB.

Heo0xoamMoe | J0CTATOYHOE YCJIOBHE MHOTOMEPHOI cXxoauMocTH [5,
c. 124]. Ilycte F, oOo3Hauaer coBMecTHYIO (QYHKIHIO pacnpeneneHus K-

MepHoro ciydaiinoro Bekropa (X®,..X%), n =1, 2, ...,u F;, — byHKuus

pacmnpenenenns auHehHoW komOmHammu A X® +..+1 X Heobxogumoe u

http://ej.kubagro.ru/2014/07/pdf/14.pdf
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JOCTaTOYHOE YCIOBUE Ui CXOAMMOCTH Fn K Hekotopoiu K-mepHOW (yHKIMH
pacrpenenenust F cocrout B ToM, uto F;, ©MeeT npesen ajs 1000ro BeKTopa A.

[IpuBeneHHas Teopema IIEHHA TEM, YTO C €€ IMOMOIIBI0 CXOAUMOCTh
pacrpeie/ieHuii CIy4aiiHbIX BEKTOPOB CBOJUTCSA K CXOJUMOCTH PACIpe/IeICHHIMA
JMHEHHBIX KOMOHMHAIMHA WX KOOPAMHAT, T.6. K CXOAUMOCTH OOBIYHBIX
(4MCIIOBBIX) CIAyYalHBIX BEIUYNH, PACCMOTPEHHBIX paHee. OHAKO OHA HE JaeT
BO3MOXKHOCTH HEMOCPEICTBCHHO YKa3aTh MPENEIbHOE pachpeeiacHue. ITo
MOYHO CJIeJIaTh C MOMOIIBIO CICIYIOICH TEOPEMBI.

Teopema o MHOoromepHoii cxoqumoctu [5]. I[lycts F, u F;,, —Te xe, uro
B mpeapiayineii Teopeme. Ilycts F - coBmectHast dyHkims pacnpenenenus K-

MEpHOro ciiydaitHoro Bekropa (X,,...,X,). Eciu ¢ynkius pacnpenenenus F;,

CXOJUTCS TMpU pocTe oObema BBIOOPKM K (GYHKIMU pacnpeneneHus F, mus
m060ro BekTopa A, rre F; — dyHKIMsa pacnpeneneHus TUHEHHON KOMOWHAIUN

A X+ +A X, , To F, cxonutes k F.

3nech cxonuMocTh F, k F o3Havaer, 4to jy1st 1r060r0 K-MEpHOTO BEeKTOpa

(X,..,%,) TaKoro, uro (QpyHKuus pacmpenencHus F HempepwsiBHA B (X,...,%, ),
YHUCJIOBask MOCHEAOBATeNIbHOCTh Fp(Xy,...,X,) CXOIUTCA MpPU pocTe N K YHUCITY
F(x,...x). MHApyrumu crmoBamMu, CcXOAMMOCTh (PYHKIUMH pacnpeneieHus

NOHMMAETCA TOYHO TaK JK€, KaK HpU OOCYKIEHUM IpENeIbHBIX TEOpEeM s

CJIy4alHbIX BEJINYMH BbllIe. [I[prBeeM MHOrOMEPHBIN aHAJIOT ITUX TEOPEM.
MHoromepHasi HeHTpaJibHasi mpeaeabHasi Teopema [5]. Paccmorpum

HE3aBHCUMBbIE OJIMHAKOBO paclipeielieHHbIe K-MepHbIe ciIydaiHble BEKTOpa

U,=Uy,--U,), n=12...,

n

r7ie TpUX 0003HAYaeT ONepalfio TPaHCIIOHUPOBaHUs BekTopa. [Ipennonoxum,

qTo CHY‘I&IZHBIC BEKTOpa Un HMCIOT MOMCHTEI IIEPBOIro 1 BTOPOI'O IIOpPAAKa, T.C.

M(Up) = p, D(Up) =,

http://ej.kubagro.ru/2014/07/pdf/14.pdf
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I7I€ [ —BEKTOp MaTeMaTUYECKUX 0KUIAHUM KOOPAUHAT CIIy4aifHOTO BEKTOPA,
— €ero KOBapuallMOHHas MaTrpulla. BBeaeM MocnenoBaTeNbHOCTh CPETHUX

apu(PMETUYECKUX CIIYyYaHBIX BEKTOPOB!

Un :(L_Jln,...,Ukn), n=1,2,..., Uin ZEZU“
n=<

Torma ciywaiinelii BekTop ~/n(U.-4) HMEET acHUMNOTOTUYEcKoe K-MepHoe
HOpMaibHOE pacnpeneneHue N, (0,%), T.e. OH aCUMINTOTHUYECKH DPACHpEACIICH

TaK XK€, Kak k-MCpHaH HOpMaJibHas1 BCJIMYKMHA C HYJICBBIM MATCMATHUYCCKUM

0XUJJaHUEM, KOBAPUALMOHHOW 2 U INIOTHOCTHIO
N, U0,%)=@2m)™?* |z exp{—%u'i‘lu}.

3necy [X| - ompenenmutens maTpuibl X. [IpyruMu cioBamu, pacrlpenelicHHe
ciydaiiHoro Bektopa /NU.-4) cxoaurcs K K-MEpHOMY HOPMAIbHOMY
paCIIPENEICHUIO C HYJIEBBIM MAaTEMAaTUYECKUM OXKUAAHUEM U KOBAPHUALIMOHHOU
MaTpUILIEN 2.

HammoMHuM, 4YTO MHOIOMEpPHBIM HOPMAJIBHBIM PacHpeleiIcHUEM C
MAaTeMaTHYECKUM OKHMIAHUEM |L U KOBAapUALMOHHOM MATPHUIIEW 2 HA3bIBACTCS

paCHpe,Z[CJICHI/IC, HUMCHOIICEC ITJIOTHOCTH
N, (U] 247) = (272 | 5 [ exp{—%[(u T iu- u)]}.

MHoroMepHasi ULEHTpalbHas TpellefbHas TeopemMa MOKa3bIBaeT, 4YTO
pacrpeqiesieHuss CyMM HE3aBHUCHUMBIX OJMHAKOBO PACHPENICICHHBIX CIyYalHBIX
BEKTOPOB IPH OO0JIIIIOM YHCIIE CIAraeéMbIX XOPOIIO MPUOIMKAIOTCS ¢ TOMOIIBIO
HOPMAaJbHBIX paclpe/eNeHud, MMEIOIIMX TaKHUe >K€ IMepBble JBa MOMEHTa
(BeKTOp MaTeMaTHYeCKUX OXUIAHWK KOOPJIMHAT CIYYalHOTO BEKTOpa W €ro
KOPPEIAIMOHHYI0O MATpHIly), KaK M HCXoaHble Bekropa. OT OJMHAKOBOU
pacmpeielIeHHOCT MOXHO OTKa3aTbCs, HO JTO TMOTpPeOyeT HEKOTOPOro

YCIOXKHCHUA CHMBOJIMKH. B oECJIOM M3 TCOPEMBI O MHOFOMCpHOﬁ CXOJUMOCTH

http://ej.kubagro.ru/2014/07/pdf/14.pdf
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BBITEKAET, YTO MHOTOMEPHBIN ClTydail HU4eM MPUHIUIHAIBEHO HEe OTINYAeTCS OT
OJTHOMEPHOTO.

Ilpumep. Ilycte X, ... X, ,...— HE3aBUCUMbIE OJIMHAKOBO
pacrpeieJieHHbIC CTy4aliHble BEIMYUHBI. PaccMoTpuM K-MepHBbIC HE3aBUCHMBIC
OJIMHAKOBO PAaCIpe/ICIICHHbBIC ClTydaiiHbIe BEKTOpa

U, =(X,, X2, X3,...,X5, n=12..
X wMareMaTn4eckoe OXHUJIaHWEe — BEKTOP TEOPETHUYSCKUX HadaIbHBIX
MOMEHTOB, a KOBapHallMOHHAs MaTpHIlA COCTaBJICHA W3 COOTBETCTBYIOIIUX
LIEHTPAIbHBIX MOMeHTOB. Torma U, - BEKTOp BBIOOPOUYHBIX LEHTPAIbHBIX
MOMEHTOB. MHOTOMEpHasl IIEHTpaJIbHas TIpe/iebHasl TeopeMa yTBEPKAAET, UTO
U, MMeeT acHMITOTHYECKM HOPMAaJbHOE pacrpenenenue. Kak BoITekaeT u3
TEOpEM O HACJEIOBaHWU CXOAMMOCTH W O JIMHeapu3amud (CM. HIDKE), W3
pacnpenenenus U, MOMKHO BBIBECTH PACIIPEENeHHs PA3INYHBIX (YHKIHH OT
BBIOOPOYHBIX HAYaJIbHBIX MOMEHTOB. A TIOCKOJBKY IIEHTPAJIbHBIE MOMEHTHI

BBIPAXKAIOTCA 4CPE3 HAYAJIIBbHBIC MOMCHTBI, TO AHAJIOTHYHOC YTBCPIKACHUC BECPHO

n 4J1s1 HUX.

4. TeopeMbl 0 HACJIEJOBAHUH CXOUMOCTH

Cymub npoonemwt naciedoeanusn cxooumocmu. Ilycts pacnpeneneHus
CIIy49aifHBIX BeJWYUH X, MPU N — 00 CTPEMATCS K paCIpeNeNCHUI0 CITyYaiHON
BeinanHbl X. [Ipu kakux QyHkmmsx f MOXXKHO yTBep)KIaTh, 4TO paclpeaciicHus
ciydaitabix BenwunH f(X,) cxomstes x pacnpenencauro f(X), T.e. Hacimemyercs
CXOJIUMOCTE?

XopoImio H3BECTHO, YTO I HenpepbiBHBIX (yHKud f cxogmmocTth
Hacneayercs [5]. OmHAako B CTATUCTUYECKMX METOAAaX HCIOJb3YHOTCS
paziuuHble 0000IIEeHUsT ATOro yTBepKIeHus. HeobxoaumocTth 0000I1eHu

CBSI3aHA C TPEeMsI OOCTOSITEIbCTBAMM.

http://ej.kubagro.ru/2014/07/pdf/14.pdf
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1) CratucThyeckre JaHHbIE MOTYT MOJCIMPOBATBECA HE  TOJIBKO
CIIyYaiiHBIMU BEJIMYMHAMHU, HO W CIIYYalHBIMH BEKTOPAMH, CIyYalHBIMHU
MHOXECTBAMH, CIIyYalHBIMU DJIEMECHTAMH MPOU3BOJILHOW mpuponasl  (T.e.
(YHKIHUSIMHU HA BEPOSTHOCTHOM MPOCTPAHCTBE CO 3HAUCHHUSIMH B MPOU3BOJIHLHOM
MHOKecTBe) [6, 7].

2) Iepexoy k mpeneny ITOJKEH pacCMaTPUBATHCS HE TOJIBKO JIUIS Cliydast
0e3rpaHMYHOrO BO3pacTaHus o0beMa BHIOOPKH, HO U B 0ojee O0IIUX Cllydasx.
Hanpumep, eciy B OCTAaHOBKE CTATHCTUYECKOM 3a/laui y4acTBYIOT HECKOJIBKO
BbIOOpPOK 00BemoB N(1), N(2), ... , N(k), To BHOJHE OOBIYHBIM SBIACTCS
IPEJIOJIOKEHNE O Oe3rpaHMYHOM POCTE BCEX ITHX OOBEMOB (YTO MOXKHO
omucath u kak Min {n(1), n(2), ... ,n(k)} — ).

3) ®ynkmusa f He oOs3arenbHO sABIsSETCS HeENpepbiBHOW. OHa MOXET
UMeTh pa3peiBEl. KpoMe TOro, OoHa MOXET 3aBHUCETh OT NapaMeTpoOB, IO
KOTOPBIM TMPOUCXOAMT TEepexoi K mpeneny. Hampumep, MoXeT 3aBUCETh OT
o0beMoB BBIOOpOK. Hampumep, B [8, 1. 5] moHagoOMiIoch paccMOTpeTh
dbynkiuio f = f(n(1), n(2), ... ,n(k)).

Paccmoanue Ilpoxoposa u cxo0oumocms no HANPAGIEHHOMY
MHOMcecmgy. BBeieM HeOOXOIMMBbIE JIJIS TaTbHEHIIIero N3JI0KEHUS TIOHSTHS.

Paccmosmue  (mempuka) Ilpoxoposa. Ilycte C — HeEKOTOpoOe
npocTpancTBo, A — ero moaMHoxkectBo, d — merpuka B C. HazoBem e-
OKPECTHOCThIO MHOXKeCTBa A B MeTpuKe d clieayromiee MHOXKECTBO:

SAe) = {x0 C: d(AX) <&}.
Takum 00pa3oM, €-OKPECTHOCTh MHOXKECTBA A — 3TO COBOKYITHOCTh BCEX TOYEK
npoctparcTBa C, oTcTOSsIIUX OT A He OoJiee YeM Ha MOJOXKHUTEIbHOE YHCIIO €.
[Tpu 3TOM paccTOSIHKE OT TOYKH X IO MHOXKECTBA A — 3TO TOYHAS HUXKHSS TPaHb

PAcCCTOSIHUIM OT X IO TOUYEK MHOXECTBA A, T.€.

d(A,X) = inf{d(x,y): yOA}.

http://ej.kubagro.ru/2014/07/pdf/14.pdf
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[Mycts P; u P, — nBe BepostHOocTHBIE Mepbl Ha C (T.e. pacmpesesieHus
JBYX CIy4aiHBIX 3yieMeHTOB co 3HaueHusMu B C). ITycte D;, — MHOXECTBO
grcen € > 0 Takux, 4To

Pi(A) < Py(S(Ag)+e
s 1000ro 3aMKHyTOro moamHoxectBa A mpoctpanctBa C. Ilycts Dy —
MHO>KeCTBO uncen € > 0 Takux, 4yTo

P2(A) < Pi(S(Ac)+e
Ui TF000T0  3aMKHYTOro ToaMHOXKectBa A mpoctpanctBa (. PaccrosiHue
[MpoxopoBa L(P1,P,) wMmexay BeposSTHOCTHBIMH MepamMu  (€r0  MOXHO
paccMaTpuBaTh M KaK PACCTOSHUE MEXAYy CIydalHBIMH JJIEMEHTaAMH C
pacnpeneneausMu Py u P, cOOTBETCTBEHHO) BBOIUTCS (hOpMYyIIOit

L(P1,P,) = max (infDy,, inf Dy,).

C mnomompto MeTpuku I[IpoxopoBa (opman3yeTcss MOHITHE CXOJIUMOCTH
pacrpeeeHuii CITy9aifHbIX AJIEMEHTOB B TIPOU3BOJIHLHOM MIPOCTPAHCTBE.

Paccrostane L(Py,P,) BBeneno akamemukom PAH FOpuem BacuiibeBruem
[TpoxopoBeiM B cepeanre XX B. [9] U MIUPOKO MCIOIB3YETCS B COBPEMEHHOM
TEOPUU BEPOSTHOCTEH.

Cxooumocmo no nanpaenennomy muoxcecmsy [10, c. 95—96]. bunapHoe
OTHOIIEHHE > (YHOpsJIOYeHHUE), 3aJaHHOE Ha MHOXECTBE B, Ha3bIBaeTCA
HaIpaBJICHUEM Ha HEeM, eclid B He ITyCTO U

(a) ecm M, N U P — TakKe AJIEMEHTBI MHOXKECTBA B, 4To M>Nwu N > p, TO
m2=p;

(6) m>m ms mro6oro mus B;

(B) ecm mu N npuHaanexat B, To HaiineTcs aneMeHT P u3 B takoit, uto p
>mup=n.

HanpapiienHoe MHOeCTBO — 3TO mapa (B, >), e > - HalpaBjicHHE Ha
MHOXecTBe B. HampaBieHHOCTBIO  (WJIM  <dIOCJIE€IOBATEIBHOCTHIO IO
HaIpaBJICHHOMY MHOXeCTBY») HaszbiBaercs mapa (f, >), rne f — pynkmoms, > -

HanpaBlieHHe Ha ee¢ oOmactu ompenenenus. Ilycte 2 B — Y, tme Y —

http://ej.kubagro.ru/2014/07/pdf/14.pdf
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TOIMOJIOTUYECKOe TpocTpaHcTBo. Hampasnennocts (f, >) cxomutcs B
TOTIOJIOTUYECKOM MPOCTPAHCTBE Y K TOUKE Yo, €cau 1l 1060 okpectHoctr U
TOUKH Yo Haiercs P u3 B takoe, uro f(q) U npu modom (> p. B Takom ciydae
TOBOPSIT TAaK)KE O CXOJUMOCTH TI0 HAMIPABICHHOMY MHOKECTBY.

[Tycte B = {(n(1), n(2), ... ,n(K))} — COBOKYITHOCTh BEKTOPOB, KAXKJIbIi 13

KOTOPBIX COCTaBJIeH U3 00beMOoB K Be100OpOK. [TycTh

(n(1),n(2), ... ,n(k)) = (M(1), n(2), ... ,M(K))
TOrJa M ToJabKo Toraa, koraa N(i) > ny(i) mpu Beex | =1, 2, ...,k Tornpa (B, >) —
HaNpaBlIEHHOE MHOXXECTBO, CXOJAMMOCTh IO KOTOPOMY OKBHBAJICHTHA
cxogumoctu ipu Min {n(1), n(2), ... ,n(k)} — .

UroObl OXBAaTUTh pa3IMyYHbIE YaCTHBIC CIOy4yaW, IeJIecCO00pa3HO
npeleabHble  TEOpeMbl  (POPMYIMPOBATH B TEPMHUHAX CXOJUMOCTH  IIO
HanpaBliecHHOMY MHoOXkecTBY. bymem mmcate B = {a}. Ilycth 3amuce o—o0
0003HaYaeT mepexo/1 K Mmpeiesy Mo HallpaBIeHHOMY MHOYKECTBY.

@®opMmyaupoBka mnpolJeMbl HacaenoBaHusi cxoauMmoctu. Ilycthb
CIIy4aifHble 3JeMEeHThl X, CO 3HAueHUsSMHU B TpocTpaHcTBe C CXOAATCS TMPHU
0—00 K CIydalHOMY dJIeMEeHTy X, Tle uepe3 0—oo 0003HadeH Mepexol K
npeeny Mo HalpaBlIeHHOMY MHOXeCTBY. CXOIUMOCTh CITydalHBIX 3JICMEHTOB
o3nauvaer, yto L(X,, X) — O nmpu a—oo, roe L — merpuka IIpoxoposa B
npoctpascTse C.

[Tycte f,: C — Y — Hekoropbie GyHKIMU. Kakue ycaoBHs HAJI0 HAa HHUX
HaAJNO0XHUTh, 4T00bl M3 L(X,, X) — O BeiTekano, uro L(f,(X,), f.(X)) — O mpu
a—oo, e Ly — merpuka IIpoxopoBa B mpoctpanctBe Y? J[pyrumu cioBamy,
kakue ycinoBus Ha ¢yakiuu f,; C — Y rapaHTUpYIOT HaclelIoBaHHE
CXOJIUMOCTH?

B paborax [11, 12]HalineHsl HEOOXOIUMBIC U JOCTATOYHBIC YCIIOBHUS Ha
¢yukuuu f,: C — Y, rapanTupyromue HacjaeIoBaHue cX0auMocTu. OnucaHuio

9THUX YCJIOBI/Iﬁ IMOCBAIIICHA OCTABHIAACS 9aCThb IIOApa3/cia.
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[IpuBenemM [yIs1 TOJMHOTHI  HM3JIOKEHHsS]  CTporue  (HOPMYIHPOBKHU
MaTEeMaTUYECKHUX MPEATOI0KEHUMN.

Mamemamuueckue npeononoodicenusi. lIlyctb C uw YV — moyHBIC
cernapaOesbHble MeTprueckue npoctpancTsa [10]. ITycTh BbIOJIHEHBI OOBIYHBIC
IIPEJIOJIOKEHUS H3MepuMocTH: X, U X — ciydaiiasie aiemeHnThl C, f,(X,) u f(X)
— CchoyyaiiHbIe DJJIEMEHTBI B YV, paccMaTpuBaeMble HHUXKE IMOJMHOXECTBA
npoctpanctB C W VYV nexaT B COOTBETCTBYIOIIMX G—alnredpax H3MEpPHUMBIX
MOJIMHOKECTB, U T.1.

[TonamoOsiTcs HekoTOpbIe onpedenenus. Pazouenne T, = {Cy,, Cop, ... ,
Chnt mpoctpancTtBa C —3t0 Takoi Habop moamuoxkects Cj, j =1, 2, ... n, 3T0TO
IPOCTPAHCTBA, YTO TMEpeceueHue JOOBIX BYX U3 HUX MYyCTO, a 00BheIUHEHUE
copmamaer ¢ C. Jlmamerpom diam(A) moamHoxectBa A4 MHOXkectBa C
HA3bIBACTCS TOYHAS BEPXHSISI TPaHb PACCTOSHUNM MEXKy dJIEMEHTaMU A, T.e.

diam(A) = sup d(x,y), XOA, yOA},
rae d(X,y) —Merpuka B ipoctpanctBe C. O003HauMM OA TpaHUIly MHOXECTBA A,
T.€. COBOKYIIHOCTh TOYEK X TaKHX, 4TO JitoOas ux okpectHocTh U(X) mmeer
Henycroe nepecedenne kak ¢ A, Tak u ¢ C\4. Konedanuem 6(f, B) pyukiuu f Ha
mHoxectBe B HazwiBaercs O(f, B) = sup {f(x) —f(y)|, xuB, yUB}.

Jlocmamounoe ycnosue o0na Hacredosanus cxooumocmu. llyctsb
LXyuX) — O mpu o — oo. IlycTh cymiecTByeT NOCIEIOBaTEIbHOCTh 1)
pa3ouenuii npoctpanctsa C takas, yto P(X10A4) = O ansa moboro A u3 Ty u,
OCHOBHOE yCJIOBHE, s Jtoboro € > 0

m,(@,n) =Y P(XOA) - 0 (5)
opu N —oo0 U 06—, TIe cyMMa OepeTcst o BceM TeM A u3 Ty, Ui KOTOPBIX
xonebanue pynkuuu f, Ha A 6ombie g, T.e. 8(f,, A) > €. Torma Ly(f,(Xy), fu(X))
— 0 pu a—o0.

Heooxo0umoe ycnoeue ona nacinedosanus cxooumocmu. llycts V —
KOHEYHOMEPHOE JIMHEMHOE MPOCTPAHCTBO, V = R ITycTh cnydyaliHbIE 3JIEMEHTBI

fu(X) acummroTHuYecKM OTpaHWYEHBI 1O BEPOATHOCTH MpPH O—00, T.C. JUIA
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ar06oro € > 0 cymecTByOT 9ucio S(€) U dJIeMEHT HalpaBI€HHOIO0 MHOYKECTBA
a(e) Takue, uro P(|ff.(X)||> Se))<e mpu o > a(e), rae |f.(X)|| - Hopma (ammHA)
Bektopa fy(X). Ilycte cCymiecTByeT mOCIE€IOBATEAbHOCTE T, pa3OueHMIA
npocrparcTBa C Takasi, 4To

lim max{diam(C, ), C,, 0T} =0,

T.€. TIOCIIEOBATEIBHOCT 1}, ABJSETCS Oe3rpaHuYHO H3Menpyaromieiics. Camoe
CYIIECTBEHHOE — ITyCTh ycioBue (5) He BBIMOIHEHO IS TOCIE0BATEIBHOCTH
T,. Toraa cymecTByeT MOCIEI0BAaTENBHOCTD CIYyYalHBIX AJIEMEHTOB X, Takasd,
uro L(X,,X) — O mpu a — o, Ho L1(f,(X,), (X)) He cxomautes k O nmpu o — oo.

Heckonmpko orpyOmsisi, MOXKHO CKa3aTh, 4TO yciosue (5) sersemcs
HeobX00UMbIM U OOCMAMOYHBIM OJISl HACAE008AHUS CXOOUMOCHU.

Ilpumep 1. Ilycte C m ¥V — KOHEYHOMEpPHBIE JIMHEWHBIE MPOCTPAHCTBA,
¢ynkuuu f, He 3aBucsT ot a, T.e. f, =f, mpuuem dynxnus f orpanudena. Torna
yciaoBue (5) SKBUBAJIEHTHO TPEOOBAHHMIO HMHTETPUPYyeMOCTH Mo Pumany -
Crunteecy ¢ynakmuu f mo mepe G(A) = P(XUA). B gactHocTH, ycnosue (5)
BBITOJIHEHO JJ1s1 HEMPEePhIBHON QyHKINH f.

B koneunomepHbix mnpoctpancTBax C BMecTo cxoaumoctu L(X,X) — O
IpU 0. — © MOKHO TOBOPHTH O CJIA00W CXOIUMOCTH (PYHKIUH pacripepaencHus
CIIy9aiiHBIX BEKTOPOB X, K (DYHKIIUH paCHpeeIeHUs CIydaiHOro BekTtopa X.
Peub maer o «CcXOIMMOCTH TO pacHpelesieHHIO», T.e. O CXOIUMOCTH BO BCEX
TOYKaX HEMPEPBIBHOCTH (DYHKIMH pacrlpenenieHus ciaydaitHoro Bektopa X. B
ITOM CiTy4ae pa30MeHHs] MOTYT COCTOSITh M3 MHOTOMEPHBIX MapasuIeIeIHIe/IOB
[12,rn. 2].

Ilpumep 2. TlomydeHHbIE BBIIIE PE3YNbTAThl alOT OOOCHOBAaHUE MJIs
paccyXIeHui THIa cieayroiero (cp., Hampumep, yrBepxkiaeHus B [8, ri. 5]
Beimie). [lycTh 1O JByM HE3aBUCHMBIM BBIOOpKaM O00BEMOB M U N
COOTBETCTBEHHO IOCTPOCHBI CTAaTHCTUKH Xy H Y, [lycTh W3BECTHO, dTO
pacrpelieNieHus] STUX CTATUCTUK CXOMAATCS MPH Oe3rpaHMYHOM pPOCTE 0O0BEMOB

BBI60pOK K CTaHAApPTHBIM HOPMAJbHBIM PacCHpCACICHUAM C MAaTEMATHYCCKUM
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oxuganvemM O u mumcmepcuert 1. Ilyete a(m, N u b(m, n) — HekoTopbIe
koap¢unuentsl. Torga cormacHo pesynbTaTtam mnpumepa 1 pacmnpenenenue
cnydaiitHoi BemuwumHbl Z(M, 1 = a(m, nNX, + b(m, n)Y, commxaercs c
pacrpesieJieHUEM HOPMaJbHO PACHpPEACICHHON CIy4aiiHOM BEJIHYMHBI C
MaTeMatndeckuM oxuganuem O m gucmepcueii a“(m, 1) + b%(m, n). Ecin xe

a’(m, N + b?(m, n) = 1, manpumep,

a(m,n)a/%. b(m,n)=1/mrjrn )

To pacnpeaencHue Z(mM, ) cXOAUTCS NpH OE3rPaHUYHOM POCTE OOBEMOB

BBIOOPOK K CTaHAAPTHOMY HOPMAJIBHOMY PacCHpEesIeHUI0 ¢ MaTeMaTUYECKUM

oxuaanueM O u gucnepcueit 1.

5. Metoa TuHeapu3anumn

[Tpu pa3paboTKe CTATUCTHYECKMX METOIOB YacTO BO3HHMKAET CJICAYIOIIas
3amava (cM., Hanpumep, [5, c. 338]). Imeercs mociemoBaTelbHOCTh K-MepHBIX
CITy9aifHbIX BEKTOPOB X, = (X1n, Xon, «-- s Xkn), N =1, 2, ... ;Takas, ato X, — a =
(@, @, ... , &) mpu N — 00, U MOCIACAOBATEIBHOCTh GYHKIHH fi: R —» R.
TpeOyercs HaliTH pacnpenencHue cirydaiiHol BemmauHsl f,(X).

OcHoBHast uess — pacCCMOTPETh TJIaBHBIA JTUHEHHBIA wieH QyHkuuu f, B
OKPECTHOCTH TOUYKH a. I3 MaTeMaTH4ecKoro aHajan3a U3BeCTHO, YTO

(%)= 1,@ =3 25D (x,, -a)+0,(I1X, -alf),

IJI€ OCTaTOYHBIM YiIeH SBJISIETCI OECKOHEUYHO MajloM BEIWYMHOM OoJiee
BBICOKOTO TIOpSJIKA MAaJIOCTH, 4YeM JIMHEHHBIA uieH. Takum o0pa3om,
MPOU3BOJIbHAS (YHKIIMS MOXXET ObITh 3aMEHEHAa Ha JUHEWHYI0 (PYHKIHIO OT
KOOpJIMHAT CIy4alHOro BEKTOpa. JTa 3aME€Ha MPOBOJMUTCA C TOYHOCTHIO 0
OECKOHEYHO MallbIX Oosiee BBICOKOTO Tmopsaka. KoHeyHO, TOMKHBI OBITH

BBIINIOJIHCHBI HCKOTOPLIC MATEMATHYCCKHUC YCJIOBHA PCTYIAPHOCTH. Har[pHMep,
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byukiuu  f, AOWKHBI OBITH BBl HENPEPBIBHO aH(QEpeHInpyeMbl B
OKPECTHOCTH TOYKH d.

Ecim  Bektop X, SBIsSETCS ACUMOTOTHYECKH HOPMAIBHBIM  C
MaTeMaTUYEeCKUM OXKUJIAHUEM d ¥ KOBAapHAIIMOHHOW matpuied »/n, rae Y =
|loij||, mpugem o; = NM(X; — a)(X; — 8), To nMuHelHas GYHKIUSA OT €ro KOOPIAUHAT
TaK)K€ AaCHMNTOTHYECKH HopManbHa. CreoBaTenbHO, TIPU  OYEBHIHBIX
ycnoBusix peryisipHoctd fo(X,) — acuMOTOTHYECKHM HOpMallbHAs CllydaiHas

BEJIMYMHA C MaTeMaTHYecKuM oxxuaanueM f(a) u qucnepcueit

izaf () af o)

N = X; Tox, v

JUis MpaKkTUYECKOTO HCIOJB30BaHUS ACHUMITOTHYECKONH HOPMaJIbHOCTHU
fa(Xn) ocraercssi 3aMEHUTh HEM3BECTHBIE MOMEHTHI ¢ M ), Ha HMX OICHKH.
Hampuwmep, ecnu X, — 310 cpennee apudmeTnyeckoe He3aBUCUMBIX OJHMHAKOBO
pacrnpeneseHHbIX CIy4aiHbIX BEKTOPOB, TO d MOXXHO 3aMEHUTh Ha X,, a ), - Ha
BBIOOPOYHYIO KOBAPHUAITMOHHYIO MaTpPHUILY.

Ilpumep. Ilycts Y, Y, ... , Y, — HE3aBUCHMBIE OJUHAKOBO
pacrnpenieseHHbIe Cly4aiiHble BEJIMYMHBI C MaTeMaTHYeCKUM OXKUIAHUEM a |
mucrepeueii 6°. B kauectse X, (pu K = 1) paccMOTpHM BEIGOPOYHOE CPEmHEe
apumeTnyeckoe

Y, +Y, .Y,
- .

Y=

Kak u3BeCcTHO, B CHJIy 3aKoHa Gonbmmx uncen Y — a = M(Y). CnenosaTensHo,
JUIsL  TIOJIy4eHHsI pacrnpeneieHud (QyHKIU OT BbIOOPOYHOTO CPEAHErO

apI/ICbMeTI/I‘-IeCKOFO MOXHO HCIIOJIB30BaTb MCTOA JIMHCAPU3AILIUU. B kauectBe

npumepa pacemorpum fr(y) = f(y) = y2. Toraa
() -a2 :%a)@_a)m((v_a)z): 2y - a)ol[y -af ).

N3 sTOro cooTtHoEHUs ciaeanyer, 4ro € TOYHOCTBIO OO0 OCCKOHEYHO MaJbIX

0oJ1ee BHICOKOTO MOPSIKA

http://ej.kubagro.ru/2014/07/pdf/14.pdf



Hayunsriit sxxypaan KyoI'AY, Ne101(07), 201401a 17

(\_()2 = a? +2a(\_(—a).

[Tockosnbky B coorBerctBuuM ¢ llentpansHout IlpenensHon Teopemon
BEIOOPOYHOE  CpemHee  apu(METHUecKoe  SBISIETCS  aCUMITOTHYECKH
HOPMAJIbHOM CIIy4allHOW BEJIWYMHOW C MATEMaTU4YECKUM OXHUIAHUEM a U
IUCTIEpCUEN o°/n, To KBaJpaT 3TOM CTAaTUCTUKU SIBJISIETCS ACHUMIOTOTHYECKU
HOPMaJIbHOM CIy4aHOM BEJIMYMHOM C MAaTEMAaTHYECKUM OKHMIAHUEM a® u
JIUCTIEpCUEN Aa’o°In. Tlns MPAKTUYECKOTO MCIIOIb30BaHUSI MOXKET OKa3aThCs
MOJIE3HON 3aMEHAa  [apaMeTpoOB (acumMmITOTHYECKOTO HOPMAJIBHOTO

pacnpeaeneHI/m) Ha HUX OLIEHKH, a UMEHHO, MAaTEMAaTHYECKOI0 OXHJIAaHUI — Ha
—\2 —\2 2 52
Y| ,a gucriepcuu —Ha 4{Y) s°/n, rae —BbI60pO‘-IHa$I JUCIICPCHSL.

bonpmoe BHUMaHUE (uenaﬂ rJIaBa!) YAEIEHO METOAY JIMHeapu3aluu B

kiaccuaeckoM yueOnuke E.C. Berruens [13].

6. [IpuHIMI THBAPUAHTHOCTH

Ilycte Y1, Y2, ... , Y, — HE3aBUCHMBIE OJIMHAKOBO pacIpeeiIeHHbIE
CllyualiHble BEJMYUHBI C HenpepbiBHOW (yHKIMer pacnpenencaus F(X).
MHor#e UCnoJib3yeMble B CTATUCTUYECKUX METOoAaX (YHKIIUU OT Pe3yIbTaTOB
HAOJIOICHUI BBIpAXKAIOTCA 4Yepe3 SMIHUPUYECKYI0 (YHKIMIO paclpeaesieHus
Fn(X). K HUM OTHOCSTCS, B 4aCTHOCTH, cTaTUcTUKH Komamoroposa, CMUPHOBA,
omera-kBagpar [14]. OTMeTuM, 9TO W APYTrUe CTATUCTHKHU BBIPAKAIOTCS Yepe3

AMITUPUYECKYIO (DYHKIIUIO pacpeiesIeHHs], HalpuMmep:
Y= j xdF, (X).

[Tone3nsiM siBnsieTcs mpeodpazoBanne H.B. Cmupaosa t = F(X). Torma
He3aBHCUMBIe ciydaifnele Benmuusbl Z; = F(Yj), ] = 1, 2, ... ,n, umetor
paBHOMepHOe pacnpezaeneHune Ha otpeske [0; 1]. PaccMorpum noctpoeHHy0 110
HUM SMIIAPpHUYECKYr0 (yHKImI0 pactpenenenus Fp(t), 0 <t < 1. Dmnupuyecxum

npoyeccom Ha3bIBAC€TCS CIIyYaHbIN ITPOLIECC
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&M =Vn(F,0-1).
PaccmoTpuM Kputepun mpoBepKu corjiacus (YHKIHMU pacupeieseHHs
BBIOOpKH C (QuKcHpoBaHHOW (yHKIMeH pacnpenenenus F(X). Cratuctuka

KpUuTcpus KOJ'IMOFOpOBa 3aIIMChIBACTCsA B BUJC

K, =sup|{, O],

Ost<1

CTaTUCTHUKA KPUTCPUA CMI/IpHOBa —3TO

S, =sups, (1),

Ost<1

a cratucthka Kputepus omera-kBaapar (Kpamepa-Mmuseca-CMupHOBa) MMmeer

BUJI
1
o} = [&2(Hdt.
0
Canyyaitaeiid iporiecc &q(t) mMeer HyJIieBOe MaTeMaTHICCKOE OXKHJIAHUE U
KoBapualMoHHyl0 ¢yHKuw ME(S)EN() = min St) — st Paccmorpum

rayCcCOBCKMU ciydaiiHbiii mporiecce &(t) ¢ Takumb ke MaTeMaTH4ecKuM
OXHJaHWEM M KOBapHalMoOHHOW QyHKIMer. OH Ha3bBacTCI OpPOYHOBCKUM
MoctoM. (HamomMH#MM, YTO TayCCOBCKMM MpPOIECC HMMEHYETCS TOTOMY, YTO
Bektop (&(ty), &(t2), ... , &(tk)) mMeeT MHOTOMEpHOE HOPMAIBHOE pacHpe/eIICHuE
pH Jr00BIX HA0Opax MOMEHTOB BpeMeHH 1y, ty, ... , 1y.)

[Myctes f — dyHKIMOHAN, ONMpeNeCHHbII HAa MHOMXECTBE BO3MOXKHBIX
TPAaeKTOPUH CIy4alHBIX TporieccoB. [Ipunyun uneapuanmuocmu [1] coctout B
TOM, 4YTO TOCJIEJOBAaTEIILHOCTD paclpenesieHuil ciaydaiiapix BeawuuH f(&)
CXOAUTCS TpU N — o0 K pacupeieieHuto ciaydaitHoi BenuuuHbl f(E).
CXOAMMOCTh IO pachpeesieHu0 0003HaYUM CHUMBOJIOM =>. Toraa MpUHIUI
WHBApPUAHTHOCTH KpaTko 3amucekiBaetcs Ttak: f(&,) => f(§). B wuactHOCTH,
COTJIACHO TPUHITMITY WHBAPUAHTHOCTH cTaThcTHKa KojmoropoBa M cTaTUCTHKA
oMera-KBaJpar  CXOIATCS IO  PACIpENeICHUI0 K  paclpeieiCHUSIM

COOTBETCTBYIOIIMX (PYHKIIMOHAJIOB OT CIy4aitHOTO Mpoiecca &

http://ej.kubagro.ru/2014/07/pdf/14.pdf
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1 1

Ky =supl&, ()] => supl& ()], wf = [ &7 (Dt => [&*(at.
Ost<1 Ost<1 0 0

Takum o00pa3oMm, OT mpoOJieM MNPUKIATHOW CTAaTUCTUKHU ClIeJaH TEepexoa K

TEOPUHM  CIy4YalHBIX IMpoOUEcCOB. MeTtomamu 3TOM TEOPUHM  HAUJCHBI

pacrpenesneHus Clly4alHbIX BEJIMYMH
1
suplé(t)], [&°(tat.
O<t<1 0

[MpuHIMI ~ WHBAPUAHTHOCTH — HHCTPYMEHT  MOJYYCHHS  MPEAeIbHBIX
pacnpeaeneHuii (YHKIMH OT pe3yJbTaTOB HAOIIOJACHUN, HCIIOIb3yeMbIX B
IIPUKJIATHON CTATUCTHUKE.

O0ocHOBaHHE MPHUHIIUITY WHBAPHAHTHOCTH MOXET OBITh JaHO Ha OCHOBE
TEOPUHU CXOJUMOCTH BEPOSITHOCTHBIX Mep B ()YHKIMOHAJIBHBIX MPOCTPAHCTBAX
[9, 15]. Bonee mnpocroil mMOAXO0M, TO3BOJSIONIMA K TOMY XK€ ITOJy4aTh
HEOOXOAUMBbIE M JOCTATOYHBIC YCJIOBHS B MPEACIbHON TCOPHUH CTATHCTHK
UHTETrpabHOrO THMa (MPUHIMII MHBAPUAHTHOCTH K HHUM HEJb3s MPUMCHHTH),
paccMmoTpeH B [16].

[ToyeMy «IpUHLMI MHBAPMAHTHOCTU» TakK Ha3BaH? OOpaTuM BHHUMAaHHE,
YTO Mpeae/bHbIC paCHpeeCHHs PaCCMATPUBACMbBIX CTATUCTHK HE 3aBHUCAT OT
ux ¢yukuun pacnpenencHus F(X). Jpyrumu - cioBaMu, IpeaCIbHOE
pacnpe/eieHie HHBapHaHTHO OTHOCUTEIBHO BbiOOpa F(X).

B Oomee MIMPOKOM CMBICAE TEPMHH <IIPHHIUI WHBAPUAHTHOCTH
IPUMEHSIOT TOIJIa, KOr/ia MpeesibHOe pacipeiecHie He 3aBUCHUT OT TeX HJIH
UHBIX XapaKTePUCTHK UCXOMHBIX pacipeneiacHuit [1]. B aTom cMbiciie Hanboee
W3BECTHBIN <IIPUHIMII HWHBApUAHTHOCTH» — 3T0 LleHTpanbHas mnpeaeabHas
TeopeMa, MOCKOJIbKY MPEAC/IbHOS CTaHAapTHOE HOPMAJbHOE paclpeciieHue —
OJTHO M TO K€ JIIS1 BCEX BO3MOXKHBIX pacHpee/iCHHi HE3aBUCHMbBIX OJHHAKOBO
pachpeae/ieHHbIX —ciaraeMblx (JIMIIb OBl CllaracMble HMEIH KOHEYHbBIC

MAaTEMATHYCCKOC O KHAAaHUEC 1 I[I/ICHCpCI/IIO).
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