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IIpuBeeHbI HOBBIE PE3YJILTAThl O BHIOOPOUYHBIX CpPe/l-
HUX B Pa3JIMYHBIX MPOCTPAHCTBAX U 3aKOHAX OOJIBIINX
4yucel A HuX. BBeeHbl B3BeleHHbIe cpentue |
THUIIa, COOTBETCTBYIOIME 3JIEMEHTaM BBIOOPKH, U ||
THTIA, COOTBETCTBYIOIINE WICHAM BapHAIMOHHOTO
psna. IIpocnexxeHa 3BOIOLUSA IPEACTABICHUH O
pacctosinnu Kemenu u menuane Kemenu. [pemioxxena
MoaudHuIupoBaHHas Menuana Kemenu, ynooHas mis
BBIYHCIICHUN U TIO3BOJISIONIast n3bexarh dddexra
«IEHTpa JBIPKH OT OyOsmKa». Kak 00001eHue Meana-
Hbl KeMeHM BBeJIeHBI U M3yUeHbl SMITUPUIECKUE
TEOPETUIECKHE CPETHNE B TIPOCTPAHCTBAX MPOU3BOJIb-
HOU NIpUpOoAbI. J[7st HUX TOKa3aHbI 3aKOHBI OOJIBITUX
quCen
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The new results of the sample average valuesin differ-
ent spaces and rules of large numbers for them are
givenin the article. We a so introduced the weighted
average values of type | corresponding to the sample,
and type I, corresponding to the set of order statistics.
The evolution of ideas about the Kemeny distance and
the Kemeny median is traced. The modified Kemeny
median, convenient for computation and avoiding the
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[Ipu ucnonap30BaHUU MaTeMaTUYECKUX METOJIOB B MPUKJIATHBIX UCCIIEI0-
BaHMSAX, B YaCTHOCTH, B CHUCTEMHOM aHAJIW3€ U TEOPUU NPHUHATHUS PELICHHH,
IIMPOKO UCIOJB3YIOTCSA cpeanue Benmuunbl [1, 2]. Kimaccuueckue pe3ysabTaThl
TEOPUU CPEAHUX COOpaHbl B MOHOTpadUU TJIaBbl UTATBIHCKON CTAaTUCTUUYECKOM
mkosiel Koppano Jxunu [3]. 3a mporesiiee Bpems MOJyYeHbI HOBBIC PE3YJib-
TaThl, KOTOPHIM U TTOCBSIIICHA CTAThS.

Tak, mpu ycpeaHEHHH 4ucesl OOHAPYKEHO HAJIMYME JBYX THUIIOB B3Be-
IIEHHBIX CPEHMX - | THIA, COOTBETCTBYIOIIUX dJIeMEHTaM BbIOOpKH, u || Tuma,
COOTBETCTBYIOIIUX YJIEHAM BapUAIIMOHHOTO PsIa.

Pa3BuTHe MaTeMaTU4eCKOro MHCTPYMEHTAPHUS PEIICHUs MPUKIIATHBIX 3a-
Jad, TpekAe BCEro B AKCHEPTHBIX TEXHOJIOTHSX W COIMOJOTHH, MPUBEIO K

HEO0OXOJUMOCTH MCHOJBb30BaHUSI CPEIHUX 3HAUYEHUU B MPOCTPAHCTBAX HEYUC-

http://g .kubagro.ru/2013/05/pdf/38.pdf



http://ej.kubagro.ru/2013/05/pdf/38.pdf
mailto:prof-orlov@mail.ru

2

JoBOM npupojsl. CHavasia B Ka4eCTBE CPEIHUX 3HAUYCHUN OMHAPHBIX OTHOIIIE-
HUW TpUMeEHsUM Menuanbl KeMenu. 3areM ONTUMU3AlMOHHBIM MOAXOJ K TO-
CTPOCHHIO CPEIHHMX BEJIMYMH CTaJI CTEP)KHEM HEUMCIIOBOW CTaTUCTHKHU [4] —
HOBOM 00JaCTH MPUKIATHON MAaTeMaTUYECKOW CTAaTUCTHKU. DTHU HOBBIEC pasje-

JIbI TCOPHUHU CPCAHUX BCIIMYMUH TAKKC paCCMOTPCHBI B CTAThC.

B3eewennuvie cpeonue | ull munoe

HcxonHple CTaTHCTHYECKUE JTaHHBIE, 00pabOTKa KOTOPHIX HEOOXOauMa
JUTSl TIPUHSITHS YIIPABJICHYECKUX PEIICHUM, BO MHOTHUX CIIydasiX paccMaTpHBa-
I0TCS KaK BBIOOpKA X1, X2 , ..., Xn, T.€. 3HAUEHHUS N HE3aBUCUMBIX CIy4alHBIX
BEJTUYMH ISl HEKOTOPOTO 3JIEMEHTA MPOCTPAHCTBA SJIEMEHTAPHBIX COOBITHI, Ha
KOTOpPOM OHU ompejeneHbl.Eciu ynopsgounts 371€eMeHThl BBIOOPKH, TO TOJTY-
yuM BaprannoHHbIH psaa X(1) < X(2) < x(3) < ... < x(n).

JI1s1 onmucaHusi COBOKYITHOCTH B LI€JIOM UCIIOJB3YIOT CPEIHUE BEIUYUHBI.
[Ipu peasbHBIX pacyeTax MPUMEHSIOT CPEeAHUE IBYX THUMOB. llepBbI THII —
CTENEHHbIE CPEIHHUE, YACTHBIMU CIy4assMU KOTOPBIX SIBIIIOTCS cpeaHee apud-
METHYECKOE, CpEeAHEe KBaJpaTUUYECKoe, cpelHee rapMonuueckoe. CpenHee
TEOMETPUYECKOE SIBIISIETCS MPEAEIIOM CTEIEHHOTIO CPEITHET0, KOrAa MoKa3aTelb
crerienu crpemutcs k 0). boree oOmuM BUIOM CpeTHUX SABJISIOTCS CPEIHHE 110

Konmoroposy
FE A S ()
en

rae F — ctporo monoTonHas ¢pyukuus, F1 — o6parnas k Heii.

BTtopoil Tun — cTpyKTypHBIE CPEAHUE, MPEXKIAE BCErO MEAUaHa U MOJa, a
TaK)K€ YIEHbI BAPUALIMOHHOIO PsAJIa, MUHUMYM, MaKCUMYM, KBapTHJIU, ACIUIIH.

[IpuMeHeHne Teopuu U3MEPEHU MMO3BOJIUIIO YCTAHOBUTH, KaK BbIOMpATH
CpeHHE B COOTBETCTBUHU CO IIKaJTaMH, B KOTOPBIX M3MEPEHbI UCXOJHBIE JaH-
Heie [1, 2, 4]. Tak, A TaHHBIX, U3MEPCHHBIX B MOPSIKOBOM IIKaNe, TOMYCTH-
MBIMHU CPEJHUMU SIBISIOTCS TOJIBKO WJIEHBI BAPUALIMOHHOTO psifa. B wacTtHOCTH,

Py HEYETHOM 00beMe BHIOOPKH — BBIOOpOUHAs MeAMaHa, IPU YETHOM — JIEBas
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W TpaBas MeauaHbl (T.e. JBa ICHTPAIBHBIX YIEHA BapHAIMOHHOTO psaa). B
IIKaje MHTEPBAJIOB U3 BceX CpeaHuX Mo KoiMoropoBy MOMXKHO HMCIOJIB30BAThH
TOJIBKO cpeaHee apupMeTnuyeckoe. B mikane OTHOIIEHU M3 BCEX CPEIHUX IO
KoamoropoBy 10myCTUMBI TOJIBKO CTETIEHHBIE CPEIHUE U CPEHEE T€OMETpUYe-
CKOE.

B3Bemennbie cpeHre (CHHOHUM: CPEJHHUE B3BEUICHHBIE) — 3TO CPEIHUEC
BEJIMYMHBI, B KOTOPBIX YCPEIHSEMbIC BEJIMYMHBI YUUTHIBAIOTCS MO-Pa3sHOMY, B
COOTBETCTBUU C BECOBBIMU KOd(purrenTamMu. Beigenum faBa THma B3BEIICHHBIX
cpenuux. ns cpegnux | Ttuna BecoBble KOAP(UIIMEHTHI COOTBETCTBYIOT Jie-
MeHTaM BblIOOpkH. [[ns cpennux |l Tuma BecoBble KOA((PUIMEHTH COOTBET-
CTBYIOT WICHAM BapUAIMOHHOTO Psja.

[Tycth ai, a2, ..., 8 — BecoBble Koa(duimeHTsl (Beca), T.€. HEOTpPHUIIA-
TeJIbHBIE YHCIIa B cyMMe cocTapiisitomue 1. Y100HO BBeCTH ciiy4yaiiHble Beu-
guHbl X(a1, &z, ..., &) ¥ Y(ay, &y, ..., &), Takue, uto P(X =X;) = ai, PX = Xp) =
a, ..., P(X= Xn) = an, B To Bpemst kak P(Y = X(1)) = a1, P(Y = x(2)) = &, ...,
P(Y= x(n)) = a,. Takum oOpa3om, ciydaiiHple BeauuuHbl X U Y TIPUHUMAIOT
OJTHU U T€ K& 3Ha4YeHUs (NepeUYrCICHHbBIE B BEIOOPKE X1, X2, ..., Xn), HO, BOOOIIIE
TOBOPS, C Pa3HBIMH BEPOSTHOCTSIMH. EcCiiu Bce Beca paBHBI MEXKAY coOoi (u
paBHbI 1/n), To pacnpeneneHus ciydaiHbXx BenuuH X v Y cOBIMaaaoT (M Ha3bl-
BAIOTCS SMITUPHUYECKUM PACTIPEICIICHUEM).

B3BeleHHbIe cpelHUE JIETKO OMPENETUTh C MOMOIIbIO BBEJIECHHBIX CITY-
yaiiapix BesmuuH X U Y. CpegHee B3BelieHHOE apudmernueckoe | Tuma — 3To
MaTeEMaTHIECKOe OXKuganue X, T.€.

]
M(X)=a ax (2
i= .
Cpennee B3BemeHHoe apupmerndeckoe || Tuma — 3170 Maremaruyeckoe

oxunaanue X, T.€.

M(Y) = & ax() 3)

i=1
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SICHO, 4TO pe3ynbTaThl pacyeToB 1o Gopmyinam (2) u (3), BooOIie ropops,
pa3ITUYHBI.

Cpennee B3BenieHHoe 1o Konmoroposy | tumna —sto
1 _cad g 0
FEMFOO)=FE 3 aF(x)>. (4)

Cpennee B3BemeHHoe 1o Konmoroposy |l tuna —3to

F(M () =F & 4 aFi)’. (5)
en ix %)

AHaJOTHYHO BBOJATCSI BEIOOpOYHAS B3BellIeHHAs mMeauaHa | Tuma — Me-
YaHa CIydailHOW BEMWYWHBI X, BEPOSTHOCTH COBMAJCHHS KOTOPOU C dJICMEH-
TaM{ BBIOOPKH paBHBI 33/IaHHBIM BECaM, W BBIOOpOYHAs B3BEIICHHAs MEIHaHa
Il Tuna - Mmeauana ciayyailHOM BEJIMYMHBI Y, BEPOSITHOCTH COBIAJEHUSI KOTOPOUH
C WICHAMH BapHUAIIMOHHOTO PsiJla PaBHBI 3aJJaHHBIM BECaM.

[Ipu mcmonb30BaHNUN B3BEHICHHBIX CPEIHUX BEIUMYHMH B 3a7a4aX CHCTEM-
HOTO aHalIW3a W TPHUHATHS PEIICHUH HEOOXOIUMO YKa3bIBaTh THI CPEIHUX,
MIOCKOJIBKY OT THIA CPEIHHUX 3aBUCAT YUCICHHBIC 3HaueHWs. B MocCKoOBCKOM
roCyJapCTBEHHOM TEXHUYECKOM yHHBepcuTeTe uM. H.O. baymana npu mperio-
JMaBaHWM TUCHUTUIMHBI «[IpuKkiamHas cTaTUCTHKa» U B MOCKOBCKOM (hHU3HKO-
TEXHUYCCKOM HHCTUTYTE MPHU MPETOIaBaHUU TUCIUILIMHBI «METOMbl aHaln3a
JTAHHBIX» TOHATHSI CPEIHUX B3BEIICHHBIX BenuuuH | Tuma m |l Thma Bxomar B
y4eOHBIC MPOTPaMMBbI, OJHAKO B HAyYHOU W y4eOHOH NUTeparype pasleiicHUe
CpeaHUX B3BelICHHBIX BennuuH | Tuna u |l Tuna nam He BeTpeuanock. Pa3nene-
HUE HEOOXOJIMMO, MTOCKOJIBKY JUISl OJHUX M TE€X K€ MCXOMHBIX YUCIIOBBIX JaH-
HBIX 3HAYCHUS OJHOMMEHHBIX CPEHUX B3BEIICHHBIX | 1 || THMIOB pa3nuuarorcs,

YTO MPU MPAKTUYECKOU paboTe MOKET MPUBECTU K HEIOPA3yMEHUSM.

Paccmoanue Kemenu u meouana Kemenu
IIpu aHanM3e UCTOPUU M HBIHEIIHETO COCTOSIHHUSI DKCHEPTHBIX OIICHOK B
Haiei crpaue [5, 6, 7] BeIgBIIeHA HCKIIIOUNTEIbHAS POJIb PACCTOSHUSA U MEIHa-

Hbl KeMeHH B pa3BUTHH TEOPUM DKCIEPTHBIX OIeHOK. Heckonbko paHee Oblia
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OKOHYATEIhHO C(HOPMYJTUPOBAHA B Pa3BEPHYTOM BHJIC COBPEMEHHAS Mapajnrma
NPUKIAIHON ctaTucTUKH [4, 8], 1 0Ka3aloch, YTO NEHTPAIBHBIM SAPOM CTaTH-
CTHYECKUX METOJOB SBJISICTCS CTATHUCTHKA B IMPOCTPAHCTBAX IMPOW3BOJIBHOU
IPUPOJIBI, a IICHTPAIBHBIM PE3yJILTATOM — 3aKOH OOJIBIIMX YUCEN B TAKUX IPO-
CTPAHCTBAX, COCTOSIIIUN B CTPEMJICHUU SMIHPUICCKHX CPEIHUX K TEOpPETHYEC-
CKOMY, TPUYEM OTIpECIICHUE SMIUPHUECKOTO CPEIHErO SBISETCS HEMOCPe/-
CTBEHHBIM 00001IeHUEeM Meauanbl KeMeHH, MOCTPOEHHOW C TOMOIIBIO
paccrosaus Kemenu. Takum o0pa3oM, B 3TUX JABYX B3aWUMOCBSI3aHHBIX HAy4YHO-
NPaKTUYECKUX 00JACTAX ICHTPAILHBIM MOHITHEM SIBJsICTCsS Meanana Kemenw,
YTO OMPABBIBACT €€ MOJAPOOHOE 00CYX IECHUE B HACTOSIIEH CTaTheE.

OOcynuM, KakoW CMBICI BKJIQJIBIBAIOT CETOMHS B IOHSTHE «PACCTOSHUE
Kemenu».

[MepBouctounnk — kuura Jx. Kemenn m JIx. CHemna «Mathematical
Modelsin the Social Sciences» (1963), u3nanHas Ha pycckoMm si3bike B 1972 . B
nepeBojsie b.I'. Mupkuna noa HazBaHuem «KubOepHeTHUECKOe MOJIETUPOBAHMUE.
Hexortopeie mpuioxkenus» [9]. B Hell paccMOTpeH kiacc OMHAPHBIX OTHOIIE-
HU, HA3BaHHBIX «YIOPSIOYCHUSAMUY». Pa3IiuHbIe aBTOPBI HCIIOIB30BAIIN TAKKE
Ha3BaHUS «PaHXUPOBKU co cBs3samu» [10], «kBasucepuu» [11], «coBepiieHHbIC
kBazunopsakm» [12]. B HacTosimiee BpeMsi MbI UCTIOJIB3YEeM TEPMUH «KJIACTEPH-
30BaHHbBIC paHXXHpPOBKU» [4, 6, 8, 13].

ITepBoe noctmxenue [»x. KemeHn — akcHOMaTH4eCKOE BBEAECHHUE PACCTO-
STHUSL MEXK]Ty KJIAaCTEPU30BaHHBIMU PAHKUPOBKAMU (M3 IPeabIIymux padoT J[x.
Kemenu (cM., B yactHOCTH, [14]) SICHO, YTO aBTOPCTBO 3TOTO JOCTHIKCHUS MPH-
HAJIJICKUT UMCHHO €MY).

Kak u3BecTHO, M000€¢ OMHAPHOE OTHOIICHHUE, ONPEIEICHHOS Ha KOHEY-
HOM MHOXECTBE M3 K 2JIEeMEHTOB, MOXET OBITh IOCTABJIICHO B COOTBETCTBHE
kBagparHoit Marpuiie u3 O u 1 mopsaka K. [Tycte A u B — q1Ba OMHApHBIX OTHO-
IICHUs, KOTOPBIM coOoTBeTCTBYIOT Matpuisl |[afi,j)|| u ||b(i,j)|| cooTBeTCTBEHHO.
B [9] mpuBenena cuctema akCHOM, W3 KOTOPOW BBIBEJICH BHJ PAaCCTOSHHS

d(A,B) Mexny kitacTepu3oBaHHBIMU paHxupoBkamu A u B:

http://g .kubagro.ru/2013/05/pdf/38.pdf
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d(AB)= @la(i,j)- b, i)l (6)

1£i, j£k

(Bun paccrosiHus u3 [9] mpuBeIeH ¢ TOYHOCTBHIO IO MHOXKHUTENs). DTOT
pesyabrar J[x. Kemenn mopoauia 60JbIIoe YnuciIo aHaJOTHYHBIX HCCIICIOBAHUH,
MOCBSIICHHBIX BBIBOAY BHJA TEX WJHM WHBIX PACCTOSHUN B Pa3IUYHBIX IPO-
CTPAHCTBAX M3 MOAXOJAIIMX CHUCTEM akcuoM. Tak, b. I'. Mupkun u JI. b. Uep-
HBIH BbIBENU paccTosHue (6) Mexay ymnopsmoueHHbIMU [15] n HeynmopsaodeH-
HBIMHU [16] pa3OueHHUSIMH, aBTOP 3TOM CTAThH — MEXIY TOJECPAHTHOCTAMHU (CM.,
Hanpumep, [4, 8]). B cBoake (He BHOJHE MOJIHOM) pabOT MO 3TOMY HarpasJe-
Huto [17] npuseaena 161 nureparypHas CChUIKa.

ABTOp HACTOSAIICH CTAThbH JTOJIKCH B35ATh Ha c€0sl OTBETCTBEHHOCTH 3a I1e-
peHoC Ha3BaHMs «paccTossHue Kemenun» Ha paccTosHus Buaa (6) B IpOU3BOJIb-
HBIX MPOCTPAHCTBaX OMHAPHBIX OTHOIICHHH. IMEHHO Takoe OmpeaesieHue MbI
BKJIIOUHMJIM B DHIMKIONEANI0 «BeposATHOCT, M MaTeMaTHUECKas CTaTHCTHKA»
[18, ¢.230].

PaccMmotpum pasnuunbie BapuaHThl Meauad KemeHu.

[TycTh OTBETHI SKCIIEPTOB IMPEICTABICHbI KaK yrmopsaoueHus (Kiactepu-
3oBanHble pamkupoBku) A(1), A(2), ..., A(n). B kuure x. Kemenu u J[x.
Cuemna [9] B kauecTBE UTOrOBOI'O MHCHHMSI KOMHUCCHH 3KCIIEPTOB MPEITI0KEHO
NPUMEHATh «Mennany KeMeHu», T.e. pe3yabTaT MUHHUMH3AIMKA CYMMBI PacCTo-
sanii KemeHu oT MHEHU 3KCHepTOB 710 MPOU3BOJIBLHOTO OMHAPHOTO OTHOIIIE-

HUA X:

med (AL, A(2),..., A(n)) =argmin g d(A(j), X). (7)

X{Z  1gjgn

B [9] MHEHHS SKCIIEpTOB — KJIaCTePU30BAHHbBIC PAHXHUPOBKH, MUHUMH3a-
1UsI TIPOBOJUTCS MO MPOCTPAHCTBY Z BCEX KIACTEPU3OBAHHBIX PaHKUPOBOK.
ABTOp HACTOSIIEH CTaThU JOJKEH B35ATh Ha ce0sl OTBETCTBEHHOCTh 3a MEPEHOC
Ha3BaHMs «MeauaHa KemeHu» Ha ciydyail MpoOU3BOJBHBIX MPOCTPAHCTB OMHAp-
HBIX oTHOmeHMH [18, ¢.229 — 230]. [Ipu 3TOM COTJIacHO ONpECIICHUI0 B DH-
[UKJIONEANU MHUHUMM3ALUS TPOBOJUTCS IO mMOMY dice TIPOCTPAHCTBY OMHAp-

HBIX OTHOMCHHﬁ, B KOTOPOM JICKAT MHCHHUSA SKCIICPTOB.
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HanpammBaercs cneayronuid mar B o0oOmeHun Menuanbl KemeHu:
yCTh OTBETHI SKCIEPTOB JeKaT B pocTpancTBe W, B TO BpeMsi KaK MUHUMM3a-
1Us IPOBOAMUTCS MO MpocTpaHCcTBY Z. B o0ieM Bujie Takas MOCTAHOBKA BIIEp-
BbIe 00Cyxmanach B [19].

Ecnu mpoctpanctBa Z u W pa3znuyHbl, BO3HUKAIOT HOBBIE 3(P(DEKTHI.
Hamnpumep, eciiu Z — mpoCcTpaHCTBO BCEX OMHAPHBIX OTHOIICHH, TO COTJIACHO
dopmyne (7) mennana KemMeHn HaXOIUTCS JIEMEHTAPHO — IO MPABUILY OOJIb-
IIMHCTBA (€CJIM B OMNPENEICHHOW KIIETKE OMMCHIBAIOIIMX MHEHHUS SKCIIEPTOB
MaTpHI €IUHUIL] OOJIbIIIE TTOJOBUHBI, TO B UTOIOBOW MaTPHIIE CTABUM €IUHUILY,
aHAJIOTUYHO JJIs1 HYJEH; €Clii POBHO IMOJIOBHHA, TO MOKHO MOCTAaBUTH 100 O,
6o 1, menuana KeMeHu sIBASieTCS MHOXKECTBOM M3 HECKOJIBKUX OMHApHBIX
OTHOIIIEHUH). DTOT (aKT ¢ 3aBUTHOU PETYISIPHOCTHIO OOHAPYKUBAIOT U ITyOJIH-
KYIOT HauBHbIE aBTOpHI. B To ke Bpems ecn W u Z — 0JTHO U TO K€ IpOCTpaH-
CTBO KJIACTEPU30BAHHBIX PAHKUPOBOK, TO U3BECTHBIE AlNrOpUTMbl b. I'. JIuTBaka
[20] u B. H. XuxapeBa [4, 24] naxoxneHus menuanbl KeMeHU JTOCTaTOYHO
CJIOKHBI.

MHuoxecTBO B, M0 KOTOpOMY HNPOBOJUTCS MUHUMU3ALIMS, MOXKET HE OBITh
IPOCTPAHCTBOM OMHAPHBIX OTHOILIEHHI, @ COCTABJIEHO 110 UHBIM NpHUHIMIAM. B
NIearOrMYECKUX MEJIAX MbI HCITOJIB30BaU B yueOHuKax [4, 6, 8 mHokecTBO B
U3 HEOOJBIIOTO YKciia MeMeHTOB (mopsaka 10), 4To MO3BOJISIIO OTPAHUYUTHCS
PYYHBIM CUETOM.

BMecTo paccMOTpeHHOM BhIlIE€ KIacCHUYECKOW Meauanbl Kemenu npeniia-
raeM MPUMEHATh Moouguyuposannyio meouarny Kemenu, B xotopoit B ={A(1),
A(2), ..., A(n)}. [lng Hee UTOrOBOE MHEHHE KOMHCCHHU KCIIEPTOB BCETa COBIA-
JaeT ¢ MHEHHMEM OJHOTO M3 JIKCIEPTOB, YTO IMO3BOJsET HU30exkaTh 3Pdexra
«IIEHTpa JBIPKU OT OyOimka» (€ciid MPeIIoSIoKUTh, YTO MHEHHUS SKCIEPTOB
PAaBHOMEPHO paclpeiesieHbl 0 OBEPXHOCTU TOPA, TO KJIACCUYECKash MeIuaHa
Kemenu — 1HeHTp «IbIpku OT OyOsHMKa», 4yTO JellaeT ee pacdyeT OecCMbICIEH-

HBIM).
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W3zyuenue cBoiicTB Menuanbl Kemenu npojosmkaercs [21, 22]. Hakarm-
BACTCS OTBIT €€ MIPAKTHYECKOTO MpUMeHeHus [23, 25].

C HayyHOU TOYKM 3pPEHHUs AKTyaJIbHO CpAaBHEHHE MeauaHbl KemeHn c
JPYTUMHU METOJaMU HaXOXIAEHUS KOJJIEKTMBHOTO MHEHHS SKCIIEPTOB, MHEHUS
KOTOPBIX BBIPAKEHbl OMHAPHBIMU OTHOLIECHUSMHU. B 4acTHOCTH, €CliM OTBETHI
AKCIEPTOB — KJIACTEPU30BAHHBIE PAHXKUPOBKHU, TO METOJIbl HA OCHOBE MEIUAHbI
Kemenun u monuduupoBanHoil mennansl Kemenu 1menecooOpasHo corocra-
BUTH C METOAAMU CPEIHUX apu(METUUECKUX PAHTOB, MEIMAH PAHTOB, COIJIACO-

BaHUs KJIACTCPHU30BAHHBIX pPaHKUPOBOK [13].

Imnupuueckue u meopemuyeckue cpeorue

OpHa U3 OCHOBHBIX CTATUCTHYECKHUX MPOIEAYP — BBIUYUCICHUE CPETHUX
BEJTUYMH JIJI T€X WJIUM UHBIX COBOKYMHOCTEH TaHHBIX. 3aKOHBI OOJBIINX YUCE
TJIACST. AIMIUPUYECKUE CPEHUE CXONATCS K TeopeTHueckuM. B kimaccuieckom
BapuaHTe. BEIOOPOUHOE cpesiHee apu(MEeTHIEeCKOe TIPU OTNPEIeTIEHHBIX YCIOBU-
SIX CXOJIMTCS TI0 BEPOSITHOCTH MPHU POCTE UKCIIA CIaraéMbIX K MaTeMaTHUYECKOMY
oxkunannio. Ha ocHOBe 3aKOHOB OOJBIINX YUCET OOBIYHO JJOKA3BIBAIOT COCTOS-
TEJIBHOCTh PA3IUYHBIX CTATUCTHYECKUX OIICHOK. B 1emom sta Temarunka 3aHu-
MaeT 3aMETHOE MECTO B TEOPUH BEPOATHOCTEH U MATEMAaTUUECKOM CTaTUCTHUKE.

OnHako MaTeMaTUYECKWW ammapar MpU 3TOM OCHOBAaH Ha CBOMCTBAaxX
CYMM CIIy4alHBIX BEIMYUH (BEKTOPOB, BJIEMEHTOB JIMHEHHBIX MPOCTPAHCTRB).
CnenoBaTeNbHO, OH HE MPUTOACH ISl U3YYCHUSI BEPOSATHOCTHBIX M CTATUCTUYE-
CKHMX TIPOOJIEM, CBSI3aHHBIX CO CIIyYallHBIMU OOBEKTaMH HEYUCIOBOU MPUPOIBI.
OT0 Takue 0OBEKTHI, KAK OWHAPHBIEC OTHOIIECHHUS, HEUYETKHE MHOKECTBA, BOOOIIIE
AJIEMEHTHI TMPOCTPAHCTB 0€3 BEKTOPHOW CTPYKTYphl. OOBEKTHI HEUYUCIOBOM
IPUPOJIBI BCE YaIllle BCTPEYAIOTCS B MPUKIIATHBIX UCCIEIOBAHUAX. MHOTO KOH-
KPETHBIX MPUMEPOB mpuBeaeHo B [4, 6, 8]. [TosToMy HEOOXOAMMO HAYUHTHCS
YCPEIHATh Pa3InYHbICe HEUHCIIOBBIE JIAHHBIE, T.€. OMPEICIATh IMIUPUIECKUE U

TEOPETUUYECKUE CPEIHHE B MPOCTPAHCTBAX MHPOU3BOJBbHOU mpuponbl. Kpome
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TOTO, TIPEJICTABIISETCS TOJIE3HBIM MOTYYCHHE 3aKOHOB OOJBIINX YHCEN B IMPO-
CTPAHCTBAaX HEUMCIIOBOM MPHUPOJIBI.

JIist ocyniecTBiI€HUs ONMMCAHHONW HAyYHOW IporpamMmbl HEOOXOAUMO pe-
IIATH CICAYIONINE 3a/1a4H.

A. Onpenenutb NOHATUE SMITUPUUECKOTO CPETHETO.

b. OnpenenuTh MOHITHE TEOPSTUYECKOTO CPEIIHETO.

B. BBecTu moHsATHE CXOIUMOCTH SMIUPUYECKUX CPEIHUX K TEOpETHYC-
CKOMY.

I'. Jloka3ath MpH T€X WM UHBIX KOMILICKCaX YCIOBHHA CXOJUMOCTh dMITH-
PUYECKUX CPEITHUX K TEOPETUICCKOMY.

J1. O6001IMB 3TO J10KA3aTENIbCTBO, MOJYYUTh METOJI 0OOCHOBAHHUS COCTO-
STEIIEHOCTU PA3JIMYHBIX CTATUCTUYCCKUX OIEHOK.

E. latb npuMeHEHUS MMOJIyYEHHBIX PE3yJbTaTOB MPU PEIICHUN KOHKPET-
HBIX 3aJ1a4.

OO0pasoM A ompeeeHnus] CPEIHNX BEIMUYWH sBJsieTcsl menuana Ke-
MeHU. [lycTh X — mpocTpaHCTBO MPOU3BOIBHON MPUPOIBI, X1, X2, X3, ..vy Xn —
ero aeMeHThl. UTOOBI BBECTH SMITMPHUECKOE CPEIHEe IS X1, X2, X3, ..., Xn, OY-
JIeM KCIIOJIb30BaTh JCHCTBUTEIBHO3HAYHYIO (T.€. C YMCIOBBIMH 3HAUCHUSIMH)
dynknuto f(X, y) 1ByX mepeMeHHBIX co 3Ha4YeHUsMHU B X. B cTaHIapTHBIX MaTe-
Matrdeckux o6osHauenusx: f : X2 ® R Bemuuuna f(X, Y) uaTepnpetupyercs
KaK MMoKa3aTeib pa3andus Mexay X u Y. dem f(X, y) Oosbiie, TeM X ¥ Y CHIIbHEe
pasnmuuarotcsi. B xauectBe f MokHO HMcmonb30BaTh paccrosiaue B X (B 4acTHO-
ctH, pacctossnue Kemenu, eciam X —0JIHO M3 IPOCTPAHCTB OMHAPHBIX OTHOIIE-
HUI1), KBaJpaT PACCTOSHUS U T.II.

Onpeoenenue 1. Cpequeid BEIMUUHON JIJI1 COBOKYITHOCTH X1, X2, X3, ..., Xn
(oTHOCHTEIBHO Mephl pasinuuus f), 0603HaUaeMol JTHOOBIM M3 TPEX CIIOCOOOB:
Xep = En(f) = En(X1, X2, X3, ..., Xn; f), Ha3pIBaeM perreHue onTHMU3AIMOHHON 3a/1a-

qu

én f(x,y)® min, yl X. (8)

i=1
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DTO ompeAeNeHHe COrIacyeTcs ¢ KIACCUYCCKUMHU OTPEICICHUSIMU CPE/I-
nux BeanunH. Ecmm X = RY, f(X, y) = (X — Y)?, To X, — BBIOOpOUHOE cpeaHee
apudmernueckoe. Ecim ke X = RY, f(X, y) = X — Y|, To mpu n = 2k+1 umeem x,,
= X(k + 1), mpu n = 2k smnupuueckoe cpennee sBisiercst orpeskom [X(K), x(k +
1)]. 3neck uepes X(i) 0603HAYEH i-BIH WIEH BAPUAIIMOHHOTO Psiia, TOCTPOSHHO-
TO IO X1, X2, X3, ..., Xn, T.€. I-5 IOPSAZAKOBAs CTaTHCTHKA. TakuM oOpa3oMm, nmpu X =
RY, f(X, y) = |X— Y| pemenne 3amaun (8) maer ecrecTBEHHOE ONPEIENEHUE BBIOO-
pouHoi Menuanbl. [IpaBia, HECKOJIBKO OTIUYAOMIEECS] OT OMpPESIICHuUs, 00bIY-
HO IpeyIaraeMoro B Kypcax «OO0Imei TeOpun CTaTUCTUKN, B KOTOPOM IPH N =
2K MeaHoO# Ha3bIBAIOT MOYCYMMY JIBYX IICHTPAIBHBIX WICHOB BapUAI[IOHHO-
ro psna (X(K) + X(k+1))/2. Mnorna X(K) Ha3pIBaroT JieBoit Meauanou, a x(k+1) —
npaBoii meauaHou [4].

Pemennem 3amgaun (8) sBisercst MmEOkecTBO En(f), KoTOpoe Moxker OBITH
MYCTBIM, COCTOSITh U3 OJHOTO WJIK MHOTHX 3JIEMEHTOB. BbIllle IpUBEACH MpHU-
Mep, KOTia pelenueM apisercs orpesok. Ecam X = RN xo}, (X, y) = (X—V)? a
cpenHee apuMeTHIecKoe BEIOOPKH paBHO Xo, TO Eq(f) mycro.

[Ipu MoeIMpPOBAaHUK PEATTbHBIX CUTYAIMI YaCTO MOXHO MPUHSATH, YTO X
COCTOMT M3 KOHEYHOTO Yrcia 35eMeHToB. Torna MmHoxkecTBO Eq(f) Bcerna Herry-
CTO — MHHUMYM Ha KOHEYHOM MHOXECTBE 00513aTEIbHO JIOCTUTACTCA.

[Tonsatus ciaydaitHOro 35MeMeHTa X = X(W) co 3HaYeHHsIMH B X, ero pac-
Npe/ICIICHUs], HE3aBUCUMOCTH CIyYaiHBIX AJIEMEHTOB HCIIOJIb3yeM COTJIACHO
[18]. bynem cuutaTh, uro QyHKIUA [ W3MepHMa OTHOCHUTENBHO S-aureOpsl,
y4YaCTBYIOIICH B ONMpeACICHUH CllydaitHoro siementa X = X(w). Toraa f(x(w), y)
npu (PUKCUPOBAHHOM Y SIBISIETCA JEMCTBUTEIBHO3HAYHOUM CIy4allHON BelIWYu-
HOW. [IpeArnonoxum, 4To OHA UIMEET MATEMATHYECKOE OXKHIaHUE.

Onpeodenenue 2. Teopermueckum cpenauM E(X, f) (mpyrumu crioBamu,
MaTeMaTUYECKUM OXHJIaHHUEM) CIy4aiHOro 3jeMeHTa X = X(W) OTHOCHTEIbHO
Mephbl pa3innuus f Ha3pIBaeTCsl peleHne ONTUMHU3AIIMOHHON 3a1a9u

Mf (x(w), y) ® min, yI X. (9)
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DTO0 ompeneneHne, Kak M I SMIUPUYECKHX CPEIHUX, COTIacyeTcs C
knaccuaeckuM. Ecimm X = RY, (X, y) = (X—Y)?3, 1o E(X, f) = M(X(W)) — 06b1un0€E
MaTeMatudeckoe oxkumaanue. [Ipu atom MF(x(wW), y) — nucnepcus ciydaiHou
BeauurHBI X = X(W). Ecmm ke X = R, (X, y) = [x =], To E(X, f) = [a, b], 31ecs a
= sup{t: F(t) £ 0,5}, b= inf{t: F(t) ® 0,5}, rae F(t) — dyukius pacnpeneneHus
ciyyaiiHor BenmuuuHbl X = X(W). Ecnu rpaduk F(t) nMeeT miockuii y4acTok Ha
yposre F(t) = 0,5, To MequaHa — TCOPETHUYCCKOE CPEIHEE B CMBICIC OIMpe/e-
JeHUsI 2 — SIBIIIETCS OTPE3KOM. B KitacCMuecKoM ciiydae 0OBIYHO TOBOPST, UTO
KKIBIA 3JEMEHT OTpe3ka [a; D] sBiusercs ogHMM M3 BO3MOXHBIX 3HAYCHUH
Mennanbl. [TOCKOIBKY HaaH4YME YKAa3aHHOIO IIOCKOTO y4acTKa — HMCKIIIOYH-
TEIBHBIA CITydail, TO 0OBIYHO perrenueM 3amadu (9) sSBISETCS MHOXECTBO M3
OJHOTO dIIeMeHTa a = b — Kimaccuyeckass MeaMaHa pacpeaeacHus CIIydaiHoM
BEIMYHHBI X = X(W).

Teopetnueckoe cpeanee E(X, f) MOKHO ompeneauTh JIMIL TOTAQ, KOraa
MF(x(W),y) cymectByeT mpr Bcex Y | X. OHO MOXeT GBITH IyCTHIM MHOE-
crteoM, Hanpumep, ecid X = RN\ xo}, f(X, y) = (X —Y)?, X0 = M(X(W)). U 10, 1
JIPyTroe UCKIovaeTcs, eciii X koHedHo. OJTHaKO U JJ1s1 KOHEUYHBIX X TeopeTruye-
CKO€ CpeIHee MOXKET COCTOSTh HE M3 OJHOTO, a U3 MHOTHX 3J1eMeHTOB. OTMe-
THM, OJIHAKO, YTO B MHOKECTBE BCEX paclpeeicHHi BeposTHOCTel Ha X moj-
MHOJKECTBO TeX pacmpeneiacHuit, ;s kotopbix E(X, f) cocrout Gonee yem u3
OJIHOTO 3JIEMEHTa, HMEET KOPa3MEPHOCTh 1, MO3TOMY OCHOBHOM SIBIISIETCSI CHTY-

arus, Koraa MEOKecTBO E(X, f) comepkuT e IMHCTBEHHBIN dJIEMEHT.

Cywiecmeoeanue cpeoHux éeuYUH
[Tox cyiieCTBOBaHMEM CPEIHHMX BEIMYHH OyaeM IMOHMMATh HEIYCTOTY
MHO’KECTB PEIICHU COOTBETCTBYIOIINUX ONTUMHU3AIMOHHBIX 3a/a4.
Eciu X coCTOUT 13 KOHEYHOTO YKCIIa DIIEMEHTOB, TO MUHUMYM B 3a7a4ax
(8) u (9) OGepercs MO KOHEUHOMY MHOKECTBY. A IMOTOMY, KaK YK€ OTMEYAIOCh,

OMIIMPHUICCKUC U TCOPCTHUICCKHUC CPCAHNC CYIIICCTBYIOT.
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BBuy BaXHOCTH MPOOJIEMBI CYIICCTBOBAHUS CPEIHUX BEIHYMH B IPO-
CTPAHCTBax OOIIeH MPUPOBI TIPUBEIEM TEOPEMBI U UX JTOKa3aTeIbCTBA. Toro-
JIOTHYECKUE TEPMUHBI U PE3YJIbTaThl OYJEM HCIIOJb30BaTh B COOTBETCTBUU C
KjIaccndeckord MoHorpadueit [26]. Tak, Tonojgoruueckoe MpOCTPaHCTBO Ha3bl-
BaeTCsi OMKOMIIAKTHBIM B TOM HM TOJILKO B TOM clly4ae, KOTJa U3 KaKIOro ero
OTKPBITOTO IMMOKPBITUS MOXHO BBIOpPAaTh KOHEUHOE MOANIOKphITHE [26, ¢. 183].

Teopema 1. Ilycts X — OMKOMIAKTHOE IPOCTPAHCTBO, GyHKIHs f Hempe-
phiBHa Ha X? (B TOMONIOTUHM IIPou3BeaeHHus). Torma SMINPUIECKOe U TEOPETHYE-
CKO€ CpEJIHUE CYIIECTBYIOT.

Hoxazamenvcmeo. @yuxuus (X, y) oT Y HenpepbIBHA, CyMMa HEMPEPhIB-
HBIX (QYHKIIMIA HETIPEPhIBHA, HETIPEPhIBHAS (PYHKIIUS HA OUKOMIIAKTE JIOCTHTACT
CBOCTO MUHHUMYyMa, OTKyJa M CJICIyeT 3aKIFOUYECHUE TEOPEMbl OTHOCHTEIHHO
AMIUPUIECKOTO CPETHETO.

[Mepetinem k Teopetnueckomy cpeaHemy. [lo Teopeme Tuxonosa [26, c.
194] n3 GukoMNakTHOCTH X BBITEKaeT GMKOMIAKTHOCTB X2, JIJIsl Kax/J0il TOUKH
(X, y) u3 X2 paccMoTpum €2 - OKpECTHOCTb B X2 B CMBICIIE [TOKA3ATENS PA3IHIKs
f, T.e. MHOXeECTBO

U y) ={(x¢y9:| f(x,y))- f(x¢y)lel/2}. (10)

[Mockonbky f HenpepbIBHA, TO MHOKecTBa U(X, Y) OTKPBITHI B paccMaTpu-
BaeMoi Tomosorun B X2 Ilo teopeme Yomneca [26, c. 193] cymecTtByroT ot-
kpbiThie (B X) MHOXecTtBa V(X) 1 W(Y), comepkamie X U Y COOTBETCTBEHHO, U
TaKkWe, 4TO HMX jaekaptoBo mpowusBercHue V(X)" W(Y) LEIHMKOM COAEPIKUTCS
BHyTpH U(X, Y).

PaccMoTpuM nokpeITHE X2 OTKpBITEIMU MHOkecTBamu V(X)” W(Y). U3 6u-
KOMIIAKTHOCTH X? BHITEKAET CYyMIECTBOBAHHE KOHEYHOTO IOAMOKPBITHS
{V(x) W(y)), i = 1, ..., m}. [lnsa kaxaoro x u3 X pacCMOTPUM BCE JIEKAPTOBBI
npousseacHus V(X) W(Yi), kyaa Bxoaut Touka (X, Y) npu kakoM-iu6o Y. Takux
JICKapTOBBIX MPOM3BEACHUN M MX TEPBBIX MHOXKUTeNeH V(X)) KOHEUHOE YHUCIIO.
Bo3pMeM mepeceueHre TakuxX MepBbIX MHOXuUTeleH V(X) u 0003HAaYMM ero

Z(X). D10 mepecedeHne OTKPBITO, KaK MEepeceueHe KOHEYHOTO YHCIa OTKPBI-
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TBIX MHOXECTB, U COJICPKUT TOUKY X. V3 OKPBITHS OMKOMITAKTHOTO TIPOCTPaH-
cTBa X OTKPBITBIMH MHOXecTBaMU Z(X) BBIOEpPEM OTKPBITOE MOAMOKPBITUE Z1,
Zoy ooy Zy

[Mokaxem, uto eciu X(1) u X(2) npuHaae)ar OJHOMY U TOMY e Zj TIpH
HEKOTOPOM |, TO

sup{| f (x(),y)- f(x(2),y)l.yl X}<e. (11)

Iycts Z = Z(Xo) mpu HekoTopoM Xo. ITycts V() W(Y), i T |, — coBo-
KYyITHOCTh BCEX TEX WCXOJHBIX JICKAPTOBBIX NPOU3BEIACHHNA W3 CHCTEMBI
{V(x) W(y)), i = 1,, ..., m}, xyna Bxoast Touku (Xo, Y) npu pasnuusbix Y. [lo-
Ka)XeM, 4TO UX O0BeAMHEHUE CoAepxHT Takke Touku (X(1), y) u (X(2), y) npu
Bcex Y. [leiictBurenbHo, ecnu (xo, Y) BXoaut B V(X) = W(Yi), TO Y BXOIUT B
W(Yi), a X(1) u X(2) BMecTe ¢ Xo Bxoaat B V(X), mockoibky X(1), X(2) u Xo BXOAST
B Z(Xo). Takum o6pazom, X(1) u X(2) npunamgnexar V(x)  W(yi), a moromy co-
riacHo onpeaencauo V(X)  W(Y;) ctipaBeyIBbI HEpaBEHCTBA

|f(x@).y)- f(x.y)Ke/2 a=12 (12)

OTKy/1a U clieayeT HepaBeHCTBO (11).

[Tockonbky X? — GMKOMIIAKTHOE HPOCTPAHCTBO, To (GyHkuus f orpanu-
yena Ha X?, a MOTOMY CyLIecTBYeT MareMarudeckoe oxumanue Mf(x(w), y) ms
000TO CITydaitHOTO AeMeHTa X(W), YIOBICTBOPSIONICTO PUBEJICHHBIM BBIIIIC
YCIIOBHSIM COTJIACOBAaHUS TOTIOJIOTHH, CBS3aHHOH ¢ f, U m3mepumocTH, cBsi3aH-
HOM ¢ X(W). Eciu x1 1 X2 mpUHAAIEKAT OJTHOMY OTKPHITOMY MHOXKECTBY Zj, TO
IMf(X1, Y) — Mf(Xz, y)| < €, a motomy dyukuus g(y) = Mf(x(w), y) HenpepbiBHa Ha
X. Tlockoiyibky HenpepbiBHAS (PYHKIMS HA OMKOMIIAKTHOM MHOYECTBE JIOCTUTA-
€T CBOEro MHHUMYMa, T.C. CYIICCTBYIOT TaKHE TOYKH Z, Ha KOTOphIX Q(2) =
inf{g(y),yT X}, To Teopema 1 noxa3ana.

B psne nHTEpecHbIX I MPWIOKEHUN cuTyaluil X He sBIseTcs OUKOM-
IAKTHBIM IIpocTpancTBoM. Hampumep, ecin X = RL. B sTHX ciydasx mpuxomur-
Csl HAJIOKUTh Ha TIOKa3areib pa3nuuus f HeKoTopble OrpaHWYCHHS, HAIIPUMED,

TaK, KaK 3TO CACIIAHO B TCOPEME 2.
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Teopema 2. Ilycth X — TONOJOTHYECKOE MPOCTPAHCTBO, HETIPEPhIBHAS (B
Tomnonoruu npoussenenns) gpyukuus f: X2 ® R! neorpunarensna, cummerpuy-
Ha (T.e. f(X, ¥) = f(y, X) mns moOsix X u Yy u3 X), cymectByeT uncio D > 0 takoe,
YTO NpH Beex X, Y, Zu3 X

f(x,y)ED{f(x,2)+ f(z,y)}. (13)

[TycTh B X CyIIECTBYET TOUKA Xg TaKas, YTO MPH JTHOOOM MOJIOKUTESIHHOM
R muo)ecTBO {X: f(X, X0) < R} siBnsieTcst OukomnakTHbIM. [1ycTh 11 citydaitHo-
ro sjeMeHTa X(W), COTrJIaCOBAaHHOTO C TOIOJOTHEH B PACCMOTPEHHOM BBIIIIE
cMbIcIte, cytiecTByeT g(Xo) = MF(X(W), Xo).

Torma cymecTByroT (T.€. HEIyCThl) MaTeMaTnueckoe oxumanue E(X, f) u
smnupudeckue cpenaue Enq(f).

3ameuanue. Ycnosue (13) — HEekoTOpOe 0000IICHHE HEPABCHCTBA TpPE-
yroiasHuKa. Hanpumep, ecnun g — Metpuka B X, a f = g° npu HekoTopom Haty-
pasibHOM P, To 1yt f BeimonHeHo cootHomeHue (13) ¢ D = 2P,

Hoxazamenvcmeo. 3yunm pynkuuio g(y) = Mf(x(w), y). B cootBercTBUn
¢ ycioueM (13) umeem

f(x(w), y) £ D{ f (x(W), %) + f (X, ¥)}- (14)

[TockonbKy 1O yciaoBHIO TeopeMbl §(Xp) CYIIECTBYET, a IOTOMY KOHEYHO,
TO U3 orieHKH (14) crieayer cymecTBoBaHne M KOHEYHOCTh g(Y) pu Beex Y u3 X.
JlokaxkeM HeNpepBHIBHOCTh 3TON HYyHKIIUH.

Paccmorpum 1rap (B cMmbicie Mepsl pasnuuns f) paguyca R ¢ meHTpom B
Xo:, T.e. MHOKeCTBO K(R) = {X : f(X, X0) < R}, R> 0. B cooTBeTCTBHY C yCIIOBHEM
teopembl K(R) kak moamnpocTpaHCTBO TOMOJIOTMYSCKOTO MPOCTPAHCTBA X SBIIS-
eTcst OMKOMIAKTHBIM. PaccMOTpUM MPOM3BOJIBHYIO TOUKY X U3 X. CripaBeIiuBO
pasioKeHHe

f(x(w), y) = f (x(w), y)ex(w)T K(R)+ f (x(w), y)c (xw)T K(R), (15)
rae ¢ (C) — uaaukatop MHokecTBa C. 13 pasnoxenus (15) ciemqyer, 4To
g(y) = Mf (x(w), y)e (x(w)T K(R) +Mf (x(w), y)c (xw)T K(R). (16)

Paccmorpum Bropoe ciaraemoe B (16). B cuy (14)
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f(x(w), y)c (x(w)T K(R)) £ D{ f (x(w), X;)c (x(w) T K(R)) + f (%, y)c (xw) | K(R))}.
(17)

Bo3bMem maremaTHueckoe oxxkugaHue oT ooenx yacrei (17):

+¥
D ¢§dP{ f (x(w), %,) £t} + Df (X, Y)P(x(W)T K(R)). (18)
R
B npaBoii wactu (18) o0a ciaraembix crpemstcs k O mpu 6e3rpaHUYHOM

BO3pactanuu R mepBoe — B CUIIy TOTO, 4TO

+¥
9(%,) = Mf (x(W), %,) = GJAP(f (x(W), %) £1) <¥, (19)
0
BTOPOE€ — B CHJIy TOTO, YTO pacrpeieicHHe PacCMaTPUBAEMOTO CiIydaii-
HOTO BJIEMEHTA COCPEAOTOUYCHO Ha X

X\UK(R) =& (20)

R>0
[Tycts U(X) — Takas OKpecTHOCTD X (T.€. OTKPBITOE MHOXECTBO, COJICP-
xatee x), s koropoit sup {f(y, X), yl U(X)} <+¥. ITockomsky f(y, Xo) < D(f(Xo,
X) + f(X, y)), To Ha ocHOBe HepaBeHcTBa (18) 3aKimouaem, 4TO MpU Oe3rpaHUY-
HOM Bo3pacTtanuu R
Mf (x(w), y)c (x(W)T K(R))® 0 (21)

paBaoMepHo 1o Y 1 U(X). Iycts R(0) TakoBo, uto neBas yacTh (21)
menbmie € > 0 mpu R> R(0) u, xpome toro, y1 U(X) I K(R(0)). Torna mpu R>
R(0)

19(y) - 9(x) [E Mf (x(w), y)e (x(w)T K(R))- Mf (x(w),x)c (x(w)T K(R))+2e.
(22)

Hac uHTepecyeT moBeeHUE BhIpOKEHHUS B MpaBoil yactu Gopmyiisl (22)
mpu y 1 U(X). Paccmotpum f; — cyxerne dynkrmu f Ha 3aMbIKaHHE eKapToOBa
npousBeneHus MaoxkectB U(X)” K(R), u coyuaiinenii smemeHt Xi(w) = X(W)
c(xw) T K(R)). Torna

MF (x(w), y)c (x(w)T K(R)) = Mf,(x,(w),y) = g,(y) (23)
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mpu Y1 U(X), a HenpepsiBHOCTD (GyHKIMK gi(Y) U3 (23) 6bITa TOKa3aHa B

teopeme 1. [locnennee o3Hayaer: cymecTByeT okpecTtHocTh U1(X) Toukm x Ta-

Kas, 4TO
| Mf (%, (W), y) - Mfy(x(w),x) e (24)
mpu y 1 Uy(X). U3 (22) u (24) BEITEKaET, 9TO
la(y)- 9(x) <3 (25)

mpu y 1 U(X)CU1(X), 9To 1 10Ka3bIBaeT HENMPEPEIBHOCTH GYHKIMH ((X).
JlokaxkeM cyliecTBOBaHHE MaTtemaruueckoro oxumanus E(X, f). Ilycts

grcio R(0) takoBo, 4to

POV K(RO))>2. (26)
[Tycts H — HekoTOpass KOHCTaHTa, 3HaUY€HHUE KOTOPOM OyneT BbIOpaHO
nosxke. Paccmorpum Touky x u3 MmuoxkectBa K(HR(0))— momonnenus

K(HR(0)), T.e. u3 BHemHOCTH 11apa paguyca HR(O) ¢ menTpom B xo. [Tyctb X(W)
T K(R(0)). Torna B cuny Hepasenctsa f(Xo, X) £ D{f(Xo, X(W)) + f(x(W), X)} nme-
eM

HR(0)
D

O, = 06,0+ 0, XW) “RO).  (27)

Bri6upas H 1octarouHo GOJIBIIMM, ITOJYYHM C y4eTOM yciaoBus (26), 4To

mpu X I K(HR(0))€ cpaBeiBo HepaBeHCTBO

MF (x(W), ) 3 %?%(O) i R(O)g (28)

MosxHo BeIOpaTh H Tak, uTo0BI IpaBas yacth (28) nmpeBocxoamia g(Xo).

CkazanHoe o3HadaeT, uro Argmin g(X) D0CTaTo4HO WUCKATh BHYTpU OU-
xommakTHoro MHOkecTBa K(HR(0)). U3 HenpepbiBHOCTH (QDYHKITMH J BHITEKAET,
YTO €¢ MUHUMYM JIOCTHTaeTCs Ha YKa3aHHOM OMKOMITAKTHOM MHOJKECTBE, a
noroMy — ¥ Ha BceM X. CymiecTBoBaHHe (HEMyCTOTa) TEOPETUYCCKOTO CPEIHE-
ro E(x, f) nokazana.

Jlokaxxem cymiectBoBaHue smnupudeckoro cpeaHero Eq(f). Ecte ucky-
IICHUE TIPOBOJIUTH €0 JOCIOBHO TaK )K€, KaK M JIOKa3aTeJIbCTBO CYIIECTBOBA-

HUS MaTeMathdeckoro oxumanus E(X, f), mums ¢ 3amenoit 1/2 B popmyine (28)
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Ha YacTOTy momajaaHus sieMeHToB BeiOOpkH X B map K(R(0)). Dta gactora,
OYEBUJIHO, CTPEMHUTCS K BEPOSTHOCTH IOMAJaHUS CIIy4alHOTO 3JEMEHTa X B
K(R(0)), 6oisbmieid 1/2 B cootBercTBUM ¢ (26). OQHAKO 3TO pacCyKACHHUE IMOKa-
3bIBACT JIMIIIb, YTO BEPOSATHOCTh HemycToThl En(f) cTpemurcs x 1 mpu Oesrpa-
HUYHOM pocTe 00beMa BbIOOpKHU. TouHee, OHO MOKa3bIBAET, YTO

limP{E,(f)* AUE, (f)I K(HR(0))} =1. (29)

[ToaTomy moiiemM APYruM IyTeM, HE ONUPAOIIUMCS K TOMY K€ Ha BEPO-

SATHOCTHYIO MOJIeJNIb BBIOOPKH. [Tomosxum

R(L) = max{ f (x,%,),i =12,...,n}. (30)
Ecnu x Bxoaut B mononnenue mapa K(HR(1)), To anamoruuno (27) ume-
eM
HR(1
f(x,%)° TEE R (3D)

[Tpu mocrarouno 6omabiroMm H u3 (30) u (31) cneayer, uyto

A (X %) ENRD <A f(x.x), xT {KHROD). (32)

i=1 i=1
U3 (32) cnenyer, uro Argmin gocrarouno uckath Ha K(HR(1)). 3akiro-
YCHHE TEOPEeMbl 2 BHITEKA€T M3 TOr0, YTO Ha OMKOMIIAKTHOM MPOCTPAHCTBE
K(HR(1)) Muanmu3upyeTcs HenpepbiBHAS (PYHKIIHS.

Teopema 2 momHOCTRIO TOKa3aHa. [lepeinem k 3akoHaM OOJIBIIHX YUCEN.

O gopmyauposxax 3aKoH06 GonvuIuX Yucen
[TycTh X, X1, X2, X3, ..., Xn — HE3aBHCHUMBIC OJJMHAKOBO PaCIIpPEICICHHbBIC
CIy4ailHbIe DJIEMEHTHI CO 3HaueHUSIMH B X. 3aKOH OOJBIIUX YHUCET — 3TO
YTBEPXKJICHUE O CXOJUMOCTU IMIUPUUECKUX CPEIHUX K TEOPETUUECKOMY Cpe/I-
HeMy (MaTeMaTHYeCKOMY OKHIAHHMIO) TPU pOCTe oObeMa BBIOOPKH N, T.C.
YTBEPKJICHHUE O TOM, YTO

E,(f)=E, (X, %, Xgee0, X ) ® E(X, T) (33)
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npu N ® ¥. OxHako, u cieBa, u cupasa B Gopmysie (33) crost, BooOIe
roBopsi, MHOXecTBa. [losTomy noustre cxoauMocTH B (33) TpeOyeT oOCcyxie-
HUS U OTIPEICIICHUS.

B cumy kaccudeckoro 3akoHa 60bpImmx yuced npu N® ¥
18
28 100 ® ME(xy) (34)

B CMBICJIC CXOJMMOCTH 10 BEPOSITHOCTH, €CJIHM IIpaBasi 4acTh CYIIECTBYET
(reopema A.Sl. Xununna, 1923 1.).

Ecim mpocTpaHCTBO X COCTOUT M3 KOHEUHOT'O YHCJa JJIEMEHTOB, TO W3

cooTHotieHus (34) nerko BeiTekaeT (cM., Hapumep, [1, ¢. 192-193]), uro

LE@TP{En(f)i E(x, f)} =1. (35)

Jpyrumu cioBamu, En(f) sBisiercst cocrosrenpHoi onenkoi E(X, f).
Ecmu E(X, f) cocTtout u3 omnoro snementa, E(X, f) = {Xo}, T0 cooTHomIE-
aue (35) mepexoauT B CAeaAyIOIIce:

ImP{E, () ={x}}=1. (36)

OnHaKo ¢ MPUKJIAJIHON TOYKH 3PEHHUS JOKa3aTeIbCTBO COOTHOIIeHUH (35)
— (36) He maer AOCTATOYHO YBEPEHHOCTH B BO3MOXKHOCTH MCIOJIb30BaHMs En(f)
B kadecTtBe oneHku E(X, f). [IpuunrHa B TOM, 4TO B Ipoliecce J0Ka3aTeabCTBa
06EM BBIGOPKH MPENIIONaraeTcs HACTONBKO OOJBIINM, 4TO IpH Beex Y 1 X
OJTHOBPEMEHHO JIEBbIC YacTH COOTHOIICHHN (34) cocpeoTaunBalOTCsS B HETe-
PECEKAIOIINXCSI OKPECTHOCTSX MPABIX YaCTeH.

3ameuanue. Eciu B cootHomennu (34) paccMOTpETh CXOAUMOCTh C BEPO-
ATHOCTBIO 1, To aHanormyHo (35) MONMYYMM T.H. YCHUJICHHBIM 3aKOH OOJIBIINX
gucen [27, c. 193-194]. CornacHo 3TOl TeopeMe ¢ BEpPOSTHOCThIO 1 aMmupuye-
ckoe cpennee Eq(f) Bxomut B Teopernueckoe cpeanee E(X, f), HaunHas ¢ Heko-
TOporo oobeMa BBIOOPKH N, BOOOIIE TOBOpPs, ciay4aiHoro, N = N(w). Msl He
Oy/ieM OCTaHaBJIMBATHCS HA CXOAMMOCTH C BEPOSTHOCTBIO 1, ITOCKOJIBKY B COOT-
BETCTBYIOIIMX ITOCTAHOBKAX, MOJPOOHO pa300paHHBIX B MOHOTpaduu [27], HeT

MNPUHIOUITHAIIBHBIX OTJIMUMH OT ciiy4dasa CXOOAUMOCTH 110 BEPOATHOCTH.

http://g .kubagro.ru/2013/05/pdf/38.pdf



http://ej.kubagro.ru/2013/05/pdf/38.pdf

Hayunsrit sxxypran Kyol'AY, Ne89(05), 2013 roxa 19

Ecim X He sBnsercs KOHEYHbIM, Hampumep, X = R, To cooTHOIIEHUS
(35) u (36) HeepHbI. [ToaTOMY HEOOXOIUMO HCKATh UHBIE (POPMYITHUPOBKHU 3a-
KoHa OONBIIMX YHcel. B KiaaccMyeckoM ciiydae CXOAUMOCTH BBIOOPOYHOTO
CpPEeIHETO apu(PMETHIECKOTO K MAaTEMAaTHIYECKOMY OKHIaHHIO MOYKHO 3aITHCaTh
3aKOH OOJIBIIIMX YHCEN TaK. JJIs JJro0oro € > O crnpaBeyiuBO MpeaeIbHOE COOT-

HOIIICHUC

limP{xi (M(x)- e,M(x) +e)}=1. (37)

B sToM cooTHomenuu B otiandre ot (35) peub uaeT O MonagaHuu dMITU-
pudeckoro cpenHero Eq(f), coBmanmaromiero B paccmMarpuBaeMoOM 4acTHOM CITy-
Yae co CpeaHUM apu(METHUYCCKUM Pe3yIbTaTOB HAOJIOJACHUN, HE HEMOCpe-
CTBEHHO BHYTpb TeopeTuueckoro cpeanero E(X, f), a B HekoTopyio
OKpPeCcmHOCHb TEOPETHUECKOTO CPEITHETO.

O60061mmM 31y hopMynupoBky. Kak 3a1aTh OKPECTHOCTb TEOPETUUECKOTO
CPEHETO B MPOCTPAHCTBE MPOU3BOJBHOW MPHUPOABI? ECTECTBEHHO B35Th €T0
OKpPECTHOCTh, OTPEACICHHYIO ¢ TIOMOIIBI0 KaKOW-1100 MeTpuku. OIHAKO TO-
JI€3HO 00ECTIeUnTh Ha e JOTIOJIHCHUHU 10 X omoenenHOCHmbs MHOKECTBA 3HaYe-
auit MT(X(W), ¥) kak GyHKIIUH Y OT MUHUMYMa 3TO# (QyHKIIMU HA BCeM X.

[To3TOMY MBI COWIH IEIECOOOPA3HBIM OMPEACITUTh TAKYI0 OKPECTHOCTb C
noMoInbto camoit ¢y Mf(x(w), y).

Onpeoenenue 1. Jlna moboro € > 0 HazoBeM e-natkod ¢yHkimu g(X)
MHO>KECTBO

K.(9) ={x:g(x)<inf{g(y),yl X}+e,xI X}. (38)

Takum 00pa3oM, B E-MATKY BXOJAT BCE TE X, U1 KOTOPBIX 3HaueHUE g(X)
A100 MUHUMAJIBHO, JTUOO OTIWYAeTCS OT MHHMMAJILHOTO (TOYHEe, OT HHPUMY-
Ma — TOYHOM HMKHEH TpaHu) He Gosee ueM Ha €. Tak, i X = R u Qynxuum
g(X) = x*> muaumym pasen O, a e-nsarka uMeer Buj uTepBana (—>°; €°). B
bopmynmpoke (37) KITacCHYSCKOTO 3aKOHA OOJIBIIMX YKCEI YTBEPIKIACTCs, UTO
npu mo6oM € > 0 BepoATHOCTh MMONAaJaHUs CPEJHEr0 apu(pMETUYECKOro B €-

MATKY MaTeMaTudeckoro oxkupanusi crpemutcsa kK 1. Tlockonbky € > O mpowus-
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BOJIBHO, TO BMECTO E€>°-TIITKH MOYKHO TOBOPHUTH O E-IIATKE, T.€. mepeiitu ot (37)
K DKBUBAJICHTHOM 3alIUCH

limP{xi K (M[xw)- xI*)}=1 (39)

Cootnorrenre (39) gomycKaeT HEIOCPEACTBEHHOE 00001IeHNEe Ha OOIIHit
CJIy4au IMPOCTPAHCTB MPOU3BOJIBHON MPUPOJIBI.

CXEMA 3AKOHA BOJIBIINX YUCEIJL. Ilycthb X, X1, X2, X3, ..., Xn —
HE3aBHCHMBIE OJJMHAKOBO PacHpe/ICIICHHBIC CITydalHbIC JIIEMEHTHI CO 3HAUCHU-
SIMH B IIPOCTPAHCTBE IPOU3BOIBHOM IPUPOIBI X ¢ IOKazaTeneM paszianuus f: X2
® RL IIycmb evinonnenst nekomopvle MamemamuyecKkue yCiloeus peyiapHo-
cmu (oHU (POPMYTUPYIOTCSA B KOHKPETHBIX Teopemax). Toraa as modoro € > 0
CIIPABEIJTUBO MPEACIIEHOE COOTHOIICHHE

LE@@P{En(f)i K. (E(x, f)}=1. (40)

AHAJIOTHYHBIM 00pa3oM MOXKET ObITh cPopMyJMpOBaHA U OOIIas Haes
YCUJICHHOT'O 3aKOHA OOJIBIINUX YUCET.
Huxe mpuBeneHbl 1Be KOHKpPETHbIE (DOPMYJIUPOBKU «KYCIOBUU PETYJISIP-

HOCTH»,

Teopemwt 0 3akonax 6oabuIUX YUCE

Hauynem ¢ paccMoTpeHus €CTECTBEHHOTO 0000IIEHHSI KOHEUHOTO MHOKE-
CTBa — OMKOMITAKTHOTO TIPOCTpaHCTBA X.

Teopema 3. B ycnoBusix Teopemsbl 1 cipaBeyiuB 3aK0H OOJIBIIIUX YUCEN -
cooTHortenue (40).

lloxazamenvcmeo. Bocnosib3yemMcss MOCTPOCHHBIM IPU J10KA3aTEIIbCTBE
TeopeMbl 1 KOHEUHBIM OTKPBITHIM MOKpbITHEM {Z1, Z2, ..., Zk} TpocTpaHCcTBa X
TaKHUM, YTO JJIs1 HEro BhIMOIHEHO cooTHoIneHue (11). [Toctpoum Ha ero ocHOBE
pa3bucuue X Ha Henepecekaromuecs MmaoxecTBa Wi, W, ..., Wi, (00bennHeHME
aneMeHTOB pasouenus Wi, W, ..., Wi coctaBisier X). IT0 MOXKHO CIeliaTh UTe-
patuBHO. Ha mepBoM miare u3 Z; cineayer BbIYECThb Z, ..., Zx — 3T0 U OyaeT Wh.

3aTeM B Ka4eCTBE HOBOI'O IIPOCTPAHCTBA HAJ0 PacCMOTpeTh pazHocTh X u Wy, a
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HOKpBITHEM ero Oynaer {Zp, ..., Z}t. U tak no K-ro mara, korja mocieaHee U3
PACCMOTPEHHBIX MOKPBITUH OyAET COCTOSITh M3 E€IUHCTBEHHOTO OTKPBHITOTO
MHOXecTBa Zx. OcTaercst u3 moctpoeHHoi nociuenosatenbHoctd Wi, Wh, ..., Wi
BBIYEPKHYTh IyCThI€ MHOKECTBA, KOTOPbIE MOTJU OBITh MOJIyYEHBI MPU OCY-
IICCTBJICHUU OIMUCAHHOW mpoueaypsl (MO3TOMY, BOOOIIE TOBOPsS, M MOXKET
ObITh MeHbIIIe K).

B xaxnaom u3 snementoB pazouenus Wi, W, ..., Wi, BeiOepeM 1o ogHOM
TOYKE, KOTOPhIE HA30BEM LIEHTpAMHU pa3OUEHUS U COOTBETCTBEHHO O003HAUYMM
W1, W, ..., Wm. DTO B €CTh TO KOHEUHOE€ MHOKECTBO, KOTOPBIM MOKHO aImpoK-
cumupoBath OukomnaktHoe npoctpancTBo X. Ilycts Y Bxonut B W. Toraa us

cootHotienus (11) BeiTekaer, uTo
18 18
pa fioy)-—a fixw)<e (41)

[Mepeiinem k mokazaTtenbcTBY cooTHolneHus (40). Bo3bMmeM Hpou3BOJIb-
Hoe d > 0. Paccmorpum HekoTopyro Touky b u3 E(X, f). JlokazarensctBo Oyner
OCHOBAHO Ha TOM, YTO C BEPOSITHOCTBIO, CTpeMsIeics K 1, s Jr000ro Y BHE
Ka(E(X, f)) BeITTOSTHEHO HEPaBEHCTBO

0 0
- RICIVE- RICHD) (42)

Jlist 000CHOBaHUS ATOI0 HEPABEHCTBA PACCMOTPUM BCE DIIEMEHTHI pa30Ou-
eaust Wi, Wa, ..., Wi, HMerolie HemycToe IepeceyeHre ¢ BHEITHOCTRIO O-IATKH
Ka(E(X, f)). 3 HepaBencta (41) crienyer, uto mus ynodoro Yy Bae Kd(E(X, f))
JieBast 4yacTh HepaBeHCTBa (42) He MEHbIIIE

m_ingéén‘ f(xi,wj)g- e, (43)
I énia o

rIe MUHUMYM OCEpeTCsl IO IIEHTPaM BCEX DIIEMEHTOB pa3OHEHHsS, UMEIO-
UM HEMyCTOE MepeceueHre ¢ BHEMHOCThI0 O-TIsTKU. Bo3bMeM Temeph B Kax-
JIOM TaKOM pa30MEHUH TOYKY Vi, jexainyro BHe O-matku Kd(E(X, f)). Torma us

HepaBeHCTB (11) u (43) cnenyert, 4To JieBas yacTh HepaBeHCTBa (42) HE MEHBIIIC
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minaé—Lén
| gn 9

5
d f(xi,n].);- 2e. (44)

B cuny 3akoHa OONBIIMX YHUCEN IS ACHUCTBUTEILHO3HAYHBIX CITyYailHBIX
BEJIMYHUH (T.C. OOBIYHOIO 3aKOHA OOJIBIINX YHCES TCOPHH BEPOSITHOCTEH) Kax-
Jasi U3 y4acTBYIOIIMX B cooTHOIIeHUsAX (42) u (44) cpeanux apupMeTHUSCKUX
UMEET CBOMMH TpejeiiaMH COOTBETCTBYIOIIME MaTeMaTHYECKHUE OXKUIaHMS,
npudeM B cooTHomeHuu (42) 3tu npenensl He MeHee Mf(x;,b)+ d — 2e, mo-
ckoJbKy ToukH Vi nexat BHe d-risitku Ka(E(X, f)). CnenoBatensHo, npu d — 2e >
O u mocraroyHo OoJBIIOM N, 0OecTIeYMBAIOIIEM HEOOXOIUMYIO OJM30CTh pac-
CMaTPUBAEMOI0 KOHEYHOTO YHCIa CPEAHUX apu(PMETHUCCKUX K UX MaTeMaTH-
YECKMM O’KHIaHHSIM, CIIPABETMBO HEpaBEHCTRO (42).

W3 nepaBenctBa (42) cnenmyer, uto mepeceueHue En(f) ¢ BHermHoCThIO
mHoxecTBa Kd(E(X, f)) mycro. IIpu aTom Touka b moxer Bxonuth B Ex(f), a Mmo-
KeT U He BXouTh. Bo Bropom ciydae En(f) cocront n3 MHBIX TOUYCK, BXOASIINX
B Kd(E(X, ). Teopema 3 nokasana.

Ecmu X He sBsieTcss OMKOMITAKTHBIM IPOCTPAHCTBOM, HEOOXOIUMO CY-
METh OLICHUTh PacCMaTPUBAEMbIC CYMMBI «Ha MEepUPEPUN», BHE OMKOMITAKTHO-
ro sapa, KOTOPOe OOBIYHO BBIACIACTCS €CTECTBCHHBIM IyTeM. OIuH W3 BO3-
MOJKHBIX KOMITJICKCOB YCJIOBHIA C(HOPMYJIUPOBAH BHIIIE B TEOpeMe 2.

Teopema 4. B ycnoBusix TeopeMbl 2 CIpaBeUIMB 3aKOH OOJIBIIHMX YHCEI,
T.¢. cooTHoIeHue (40).

Hokazamenvcmeo. bynem uconb30BaTh 0003HAYCHUS, BBEJICHHBIC B TEO-
peMe 2 u ipu ee AokazarenbcTBe. IlycTh I U R, r < R, — monoxxurenbHbIe ync-

na. Paccmorpum Touky x B miape K(r) u touky Yy BHe mapa K(R). [Tockombky

f(Xo, y) < Df f(Xo0, X) + f(X, y)}, TO
s 1 _ s R
Fxy)® 5100 Y)- T06.%)° o= . (45)
[Honoxum

9.0 = 0,(xw) = =8 (X% (46)

i=1
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CpaBuuM gn(Xo) 1 gn(y). BeIOOpKY X1, X2, X3, ..., Xn pa300bEM Ha JBE ya-
cTH. B mepByro 4acTh BKIIOYMM T€ 3JICMEHTHI BHIOOPKH, KoTophie BxoaaT B K(r),
BO BTOPYIO — Bce ocTajbHblie (T.e. nexamne BHe K(r)). MHOXXeCTBO HHIEKCOB
9JIEMEHTOB TepBOH yactu ob6o3nauum | = I(n, r). Torma B cuity HEOTpHUIIATEIb-

Hoctu f umeem

0.(¥)° ~& f(x.y) (47)

a B culy HepaBeHcTBa (45)

R 6
a f(x,9)° - r2A1(nnl, (48)
i éD (%]

rae |I(n, r)] — yucio sneMeHToB B MHOXKeCTBe MHAeKcoB I(N, r). Cieno-

BaTeNIbHO, HAa ocHOBe (47) u (48) 3axmouaeM, 4TO I ONpeseIeHHONH (hopMy-
0¥ (46) dyukumu gn(y) cripaBeIMBO HEPABEHCTBO

. .
g.(y) 3 H?g' rgJ (49)

rae J = |I(n, r)]| — OunomuanbsHas ciydaiHas BeauunHa B(n, p) ¢ Bepost-
HOCTHIO yerexa P = P{x(w) T K(r)}. ITo Teopeme Xunumna mis gn(Xo) CpaBe-
B (Kimaccuyeckuii) 3akoH Oonbmux yucen. ITycte € > 0. Beidepem Ny = Ny(€)
TaK, 9TOOBI IPH N > Ny OBLIO BBIMOJHEHO COOTHOIIECHUE
P{g, (%) - 9(x,) >€} <e, (50)
rae g(Xo) = Mf(X1, Xo). BeiOepem I Tak, uToObI BEpOSITHOCTH ycrexa P >
0,6. ITo Teopeme BepHyin MOXXHO BBIOpaTh HaTypajibHOE YHUCIO Ny (Kak (yHK-
IIUIO €) TaK, YTOOBI IPH N > Ny OBLIO BHITIOJHEHO HEPABEHCTBO
P{J>05n}>1- e. (51)

Bri6epem R Tak, uTo0b1

%Z%Q- rg> g(%,) +e. (52)
Torna
K.(9)1 K(R) (53)
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u cornacHo (49) - (52) mpu n > Nz = max(Ny, Nz) ¢ BEPOSTHOCTHIO HE Me-
Hee 1 — € BhIMoJIHEHO HepaBeHCTBO On(Y) > On(Xo) st mroboro Y BHe K(R). U3
(53) cnemyer, YTO MUHHMHM3HPOBATh Oy JOCTATOYHO BHYTPH OHMKOMITAKTHOIO
mrapa K(R), mpu atom E,(f) He mycTo u
P{E.(f)i K(R)}3 1- 2e. (54)
[Iycte Gh u G — cyxenus gn u g(X) = Mf(x(w), X), cooTBeTcTBeHHO, Ha
K(R) kak ¢pynkuuii ot x. B cuny (53) cripaBeiiBo paBeHCTBO
K(G)T K(R) (55)
CornacHo JOKa3aHHOM BhIIIE TeopeMe 3 HalaeTcs Ny = Ngy(W) Takoe, uTo
opu N> Ny
P{K,(G,) T K.(g)}>1-e. (56)
Cornacuo (54) Ko(Gp) = En(f) mpu N > n3 ¢ BeposTHOCTBIO HE MeHee 1-2€.
CnemoBartesbHO, mpu N > Ns(€) = max(nz, Ny) uMeeM
P{E.(f)I K. (g)}>1- Z, (57)
4TO U 3aBEPIIIACT [0KA3aTEIbCTBO TEOPEMBI 4.
CrpaBeIJIMBBI U MHBIE BAPUAHTHI 3aKOHOB OOJIBIINX YHCE, TONyYCHHBIE,
B YaCTHOCTH, B cTatbe [28]. [lepBoe M0Ka3aTeIbCTBO 3aKOHA OONBIINX YKcen (B

BEChMa YaCTHOM ciydae) Obuto mosryueHo enie k. Kemenn [29].

H3yuenue ceoiicme meduanvt Kemenu npu KoHeuHbIX 00bemax
8b100pOK

PaccmoTpuM Ha OCHOBE pa3BUTOM BBIIIE TEOPUHM YACTHBIA CIydal Mpo-
CTPAHCTB HEYHUCIOBOW MPUPOABI — MPOCTPAHCTBA OMHAPHBIX OTHOIICHHW Ha
KOHEYHOM MHOXECTBE M MeAuaHbl KeMeHH Kak croco0 HaXO0XKACHUS SMITUPU-
yeckoro cpeaHero. I1ockosibKy 4ucio OMHApHBIX OTHOILICHWH Ha KOHEYHOM
MHOKECTBE KOHEYHO, TO SMIIMPUYECKHE U TEOPETUUECKUE CPEAHUE ISl IPOU3-
BOJIBHBIX II0KA3aTeNEeN pas3iuuMs CYIIECTBYIOT M CIPABENJIMBBI JTOKA3aHHbBIC

BBIIIE 3aKOHBI OOJIBIINX YHCEII.
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bunHapHble OTHOIIEHMS, B YaCTHOCTH, YHOPAIOYEHHS, YACTO HMCIOJIb3Y-
I0TCS JIJIs1 OMKMCaHUs MHEHUM 3KcnepToB. Toraa paccrosaue Kemenu msmepsiet
0JIM30CTh MHEHHUH 3KCIIEPTOB, a MeauaHa KemeHu nmo3BossieT HaXOAUTh UTOTO-
BO€ YCPEIHEHHOE€ MHEHUE KOMHCCUU 3KcrnepToB. Pacuer meanansl Kemenu
00BIYHO BKJIIOYAIOT B MH()OPMALIMOHHOE 00ECTIEYeHUE CUCTEM MPUHSATHUS pelle-
HUU C UCHOJB30BAaHUEM OLIEHOK dKCHepToB. Peub uuer, HanpumMep, 0 MaTeMaTH-
YECKOM 00ECIEYEHUU a8moMamu3uposanno2o pabovezo mecma «MaTeMaTrka
B akcrepTu3e» (APM «MATOK») [6], mpenHa3zHa4eHHOTO, B YaCTHOCTH, JUIS
UCIIOJIb30BAaHUS NIPU MPOBEACHUHU SKCIEPTHU3 B 3aJa4axX 3KOJIOTMYECKOTO CTpa-
xoBaHus. [loaromy npeacraBisieT OOJBIION MPAKTUUECKUN UHTEPEC YUCIEHHOE
U3y4eHue CBOMCTB MeauaHbl KeMeHu npu koHEUHOM oObeme BbIOOpkH. Takoe
U3y4YeHHUE JOMOTHAET OMMCAHHYIO BBILIE ACUMIITOTUYECKYIO TEOPHIO, B KOTOPOU
00BbeM BBIOOPKH MperoiaracTess 0Oe3rpaHuyHo Bo3pacraroniym (N ® ¥).

C nmomomipio crenuaibHO pa3paboTaHHON mporpamMMmHoi cuctemsl B.H.
KuxapeB BMecTe C HaMU MPOBEN PsIJi CEPUN UYUCIECHHBIX 3KCHEPUMEHTOB IO
U3yYEHHUIO CBOWCTB BHIOOPOUYHBIX MeanaH KeMeHH (B MPOCTPaHCTBE paHKHPO-
BOK 0e3 cBsizell). [IpejcraBieHrne 0 MOJMYYCHHBIX pe3ysibTarax naeTcs Taoi. 1,
B3SITON M3 cTaThM [24]. B Kaxxa0# cepum METOAOM CTATUCTUYCCKUX MCIIBITAHUMN
OTIPEACIICHHOE YMCIIO Pa3 MOJICIUPOBAJICS CIy4allHbIA U HE3aBUCHUMBIN BBHIOOD
AKCIEPTHBIX PAHKUPOBOK, a 3aTEM HAXOJIWUIUCh Bce meauaHbl Kemenu s
CMOJICIMPOBAHHOI0 Habopa MHeHuM 3kcnepToB. [Ipu 3Tom B cepusix 1 — 5 pac-
Ipe/elieHHe OTBETa JKCIEepTa MPEANoJaralioch paBHOMEPHBIM Ha MHOKECTBE
BCEX PaHXHUPOBOK. B cepum 6 3T0 pacmpeneseHue sIBISIIOCh MOHOTOHHBIM OT-
HOCHUTEIJIBHO paccTosiHusl KeMeHU ¢ HEeKOTOPBIM IIEHTPOM (O MOHSATHH MOHOTOH-
HOCcTH CcM. [4, Ti.1] ), T.e. BEpOSATHOCTH BBHIOOpA ONPEICICHHONW PaHKUPOBKU
yObIBajla ¢ yBeIMYEHHEM paccTosiHUS KemeHu 3Toil paHXKUpPOBKH OT LIEHTpA.
Takum oOpazoM, cepuu 1 —5 COOTBETCTBYIOT CUTYAILIMH, KOTJIa Y SKCIIEPTOB HET
MOYBBI JIJIS COTJIACHS], HET FPYIIIUPOBKU UX MHEHHU OTHOCUTEIBHO HEKOTOPOTO
€IMHOTO CPEJHETO TPYIIIOBOTO MHEHUS, B TO BpeMsl Kak B cepuu 6 ecTh equHOe

MHEHHE — ONHCAHHBIN BBIIIEC LHCHTP, K KOTOPOMY TATOTCIOT OTBCTLI OKCIICPTOB.
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Tabnuua 1 - Pe3ynbrarbl BBIYUCIUTEIBHOTO SKCIIEPUMEHTA

10 U3YYCHUIO MCINAHbI Kemenu

Howmep cepun 1 2 3 4 5 6
Yucno uenbITaHui 100 1000 50 50 1000 1000
KonmuectBo 00bekTOB 5 5 7 7 5 5
KommgectBo sxcnepToB 10 30 10 30 10 10
YacToTa HEMYCTOTO IepeCceICHUT 0,85 0,58 0,52 0,2 0,786 0,911
CpeaHee OTHOLIEHHE AUAMETPOB 0,283 0,124 0,191 0,089 0,202 0,044
Cpeassist MOILIHOCTh MEIUaHbI 5,04 2,41 6,4 2,88 3,51 1,35
MaxcnmanpHass MOIIHOCTD MEIUaHbI 30 14 19 11 40 12

Pe3ynbTaThl, mpuBeeHHbIE B Ta0J. 1, MOKHO KOMMEHTUPOBATh Pa3HBIMU
cnoco0amu. HeoxkuaaHHBIM SIBUIOCH OOJIBILIOE YKCIO 3JEMEHTOB B BHIOOPOY-
HOM Menuane KeMeHu — Kak cpeliHee, Tak U 0COOEHHO MakcuMalibHoe. OHO-
BPEMEHHO oOpaliaer Ha ce0s BHUMaHUE YOBbIBAaHUE 3TUX YUCEN MPU POCTE YHUC-
Ja DSKCIEPTOB M OCOOEHHO TMpHU TMEpexo/ie K CHUTyallud peajabHOro
CylIecTBOBaHMs TpymnmoBoro MHeHUs (cepus 6). JlocTarodyHO 4YacTo OJWMH U3
OTBETOB 3KCIIEPTOB BXOJAUT B MeauaHy Kemenu (T.e. mepecedyeHrne MHOXKECTBA
OTBETOB 3KCIIEPTOB M MeAuaHbl KeMeHM HemycTo), a AuaMeTp MeIuaHbl Kak
MHOKECTBA B IIPOCTPAHCTBE PAHKUPOBOK 3aMETHO MEHbIIIE TMaMETpa MHOXe-
CTBa OTBETOB 3KCIEpTOB. [0 ATUM MmokazaTensiM — Haujydllee MOJIOKEHUE B
cepun 6. ['py0o TOBOPSI, BCSIUECKHE «IIaTOJIOTUN» B TTOBEACHUH MennaHbl Keme-
HU HanboJjee pe3Ko MPOSBIISIIOTCA B CUTyallu, KOTJa €€ MPUMEHEHUE HE UMEET
COJIepKaTeIbHOr0 00OCHOBAaHUS, T.€. KOTJIA Y 3KCIEPTOB HET OCHOBHI ISl CO-
TJIacHsl, UX OTBEThl PABHOMEPHO pACHpeIeTICHbl HA MHOKECTBE PAHKUPOBOK.

VYBenuuenue uncia ucneitanuid B 10 pa3 mpu nepexone ot cepun 1 k ce-
pUU S HE OYEHb CHJIBHO MOBJIMSIIO HA MPUBEACHHBIE B TAOJIUIE XapaKTEPUCTU-
KM, TIO3TOMY TPEICTABIISIETCS, YTO CYTh Jl€Ja BBISBISETCS MPU YUCIE HCIIBITa-
Huii (B Metoge MonTte-Kapio), papaom 100 nnm naxe 50. VBenuueHue uncia
00BEKTOB WJIM 3KCIEPTOB YBEJIMYUBAET YUCIO 3JIEMEHTOB B PacCMaTpPUBAEMBbIX
IPOCTPAHCTBAX PAHKUPOBOK, & MOTOMY YMEHBIIIAETCS YacTOTA MOMAJaHUs Ka-

KOro-1u00 U3 MHEHUN HKCIEPTOB BHYTPh MearaHbl Kemenu. A Takke OTHOIIe-
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HUE UaMeTpa MeJIUaHbl K JUAMETPy MHOXKECTBA IKCIIEPTOB U YUCIIO FJIEMEHTOB
meauanbl Kemenn (cpenHee U MakCHMMalibHOE). MOXKHO CKa3aTh TakK. yBEIHYe-
HUE€ 4Yuclia OOBEKTOB MJIM AKCIEPTOB YMEHBIIIAET CTENEHb JUCKPETHOCTU 3aja-
4y, MpUOJIMIKAET €€ K HEPEPHIBHOMY CJIy4alo, a TOTOMY YMEHBIIIAET BhIPaKEH-
HOCTb Pa3JIMYHBIX «IIaTOJIOTUI».

EcThb MHOTO MHTEPECHBIX HAIPABICHUN UCCIIEIOBAHUM, KOTOPBIE 3/1€ECh HE
paccmatpuBaeM. OHU CBsI3aHBI CO CpaBHEHHEM MeauaHbl KeMeHu ¢ apyrumu
METOJIaMH YCPEAHEHUs] MHEHUM AKCIIEPTOB, HAIIPUMEP, C HAXOXKJIECHUEM UTOTO-
BOT'O YIOPSIOYCHHS 110 METOY CPSIHHUX PaHroB [6]. A Take ¢ UCIOIb30BaHU-
€M MaJIbIX OKPECTHOCTEH OTBETOB AKCHEPTOB JJIsl MIOMCKA BXOSAIINX B MEIHAHY
pPamKHPOBOK (C IICNIbIO COKPAICHHS pacyeToB). MM ¢ MOCTPOCHHUEM TEOPETH-
YECKUX W YUCIICHHBIX OIICHOK CKOPOCTH CXOAMMOCTU B 3aKOHaX OOJBIIUX YH-
cell.

[lenTpasibHast pojib B HEYUCIOBON CTATUCTUKE AIMIMPUUYECKUX U TEOPETH-
YECKUX CPEIHMX, 3aKOHOB OOJIBIIMX YMCENl U UX 0000IIeHUM, mpeaHa3HaYCH-
HBIX JIJI1 U3YyYECHUSI PEHICHUM SKCTpEMalbHBIX CTATUCTHYECKUX 3ajad, Mpoje-
MoHcTpupoBaHa B [4, 6]. CoBpeMeHHass TEOpHs IKCIEPTHBIX OICHOK SBISACTCS
NPUKIAIHBIM «3€pKajoM» HEUHCIOBOM CTAaTUCTHKU. 3HAYEHHUE IOCTAaHOBOK
HACTOAIIECH CTaThU JiA pa3pabOTKU M MPUMEHEHHUS SKCIEPTHBIX TEXHOJIOTUM
oOcyxmaercs B [5, 6].

CpenHre BeIMUUHBI M 3aKOHBI OOJIBIIINX YUCEN JJIsl HUX MHUPOKO MCIOJIb-
3YIOTCSl B OPTaHU3AIMOHHO-DPKOHOMHYECKOM MOJICTUPOBAHUH, KaK B TEOPETH-
YecKuX pa3paboTkax, Tak U IMPHU PELICHUH 3a7a4 yIpaBiICHUs X03IMCTBEHHBIMU
enuaunamu [30]. IIpu periennn mpoOseM yHpaBieHUsS MOCTOSHHO HCIOJIb3Y-
IOTCSl DKCIEPTHBIE OIEHKH, MTOATOMY MPH pa3pabOTKEe METOJO0JOTHHU Tocyaap-
CTBEHHOU MOJIMTUKU U yIPaBJIEHUS COTJIaCHO MOAX0Ay HepopmanbHOU uHDOP-
MAaIMOHHOW dKOHOMHKe Oyayiero [31] HeoOX0oauMO IpUMEHEHHE Pe3yJIbTaTOB
HacTosmew crarbu. [lo HameMy MHEHUIO, 3TH Pe3yJbTaThl MOTYT OKa3aThCs
MOJIC3HBIMM BO MHOTHMX HAIPABJICHUAX HCCICIOBAHUN M MPAKTUUECKOU es-

TCJIBbHOCTH, B TOM YHCJIC B aBTOMATHU3UPOBAHHOM CHCTCMHO-KOTHUTHBHOM aHa-
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mu3e (cm., Hampumep, [32]), paspadoranHom mpodeccopom E. B. Jlynenko,
oryonrkoBaHHOM B MoHOTpaduu 2002 1. [33], pa3BUTHIO ¥ MPUMEHEHUIO KOTO-

POTo NOCBAIICHBI MHOTHEC CTATbU HACTOAIICTO KypPHaAJa.
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