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Проверка согласия опытного распределения с 

теоретическим - одна из основных задач 

прикладной математической статистики. 

Проверяют, можно ли в качестве функции 

распределения элементов выборки рассматривать 

конкретное теоретическое распределение или 

распределение из того или иного параметрического 

семейства. Пример - проверка нормальности (в 

качестве параметрического семейства 

рассматривается семейство нормальных 
распределений). Настоящая статья посвящена 

проверке согласия с семейством бета-

распределений. Анализируем место 

рассматриваемой постановки задачи в 

многообразии современных статистических 

методов. Кратко обсуждаем основные этапы 

развития прикладной статистики: описательная (до 

1900 г.), параметрическая (1900 - 1933), 

непараметрическая статистика (1933 - 1979), 

статистика нечисловых данных (с 1979 г.). Речь 

идет о переднем крае фронта научных 
исследований. "В тылу" остается ряд 

теоретических задач предыдущих этапов, а при 

анализе конкретных статистических данных 

используют методы всех четырех этапов. Проверка 

согласия с бета-распределением относится к 

параметрической статистике, но оставалась не 

изученной до настоящего времени. Как один из 

подходов к решению этой задачи предлагаем 

использовать метод моментов. Для проверки 

согласия с бета-распределением используем третий 

центральный момент. Его оцениваем как 

непосредственно по выборке, так и с помощью 
выражения через параметры бета-распределения, в 

котором вместо неизвестных теоретических 

значений подставлены их выборочные оценки, в их 

качестве используем оценки метода моментов. При 

Good-of-fit testing of the experimental distribution 

with the theoretical one is one of the main tasks of 

applied mathematical statistics. It is checked whether it 

is possible to consider a specific theoretical 

distribution or a distribution from one or another 

parametric family as a distribution function of the 

elements of the sample. An example is a test of 

normality (the family of normal distributions is 

considered as a parametric family). This article is 

devoted to good-of-fit testing with the family of beta 
distributions. Let us analyze the place of the problem 

statement under consideration in the variety of modern 

statistical methods. We briefly discuss the main stages 

in the development of applied statistics: descriptive 

(before 1900), parametric (1900 - 1933), non-

parametric statistics (1933 - 1979), statistics of non-

numerical data (since 1979). This is at the forefront of 

scientific research. "In the rear" remains a number of 

theoretical problems of the previous stages, and in the 

analysis of specific statistical data, methods of all four 

stages are used. Testing for goodness-of-fit with the 
beta distribution is related to parametric statistics, but 

has remained unexplored to date. As one of the 

approaches to solving this problem, we propose to use 

the method of moments. To goodness-of-fit testing 

with the beta distribution, we use the third central 

moment. We estimate it both directly from the sample 

and using an expression through the parameters of the 

beta distribution, in which instead of unknown 

theoretical values their sample estimates are 

substituted, and we use the estimates of the method of 

moments as them. If the fit hypothesis is true, the 

difference between the indicated values is 
asymptotically normal with expectation 0. To 

goodness-of-fit testing with the beta distribution, we 

also suggest using the skewness coefficient. The 

results of calculations based on real data are carried 
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справедливости гипотезы согласия разность 

указанных величин является асимптотически 

нормальной с математическим ожиданием 0. Для 

проверки согласия с бета-распределением 

предлагаем также использовать коэффициент 

асимметрии. Проведены результаты расчетов по 

реальным данным. Сформулирован ряд 

нерешенных задач. Так, на основе 

асимптотического распределения коэффициента 

асимметрии можно проверять непараметрическую 
гипотезу симметрии функции распределения с 

целью обнаружения эффекта в связанных 

выборках. Асимптотические дисперсии 

рассматриваемых статистик могут быть найдены 

методом линеаризации 

 

 

out. A number of unsolved problems are formulated. 

Thus, on the basis of the asymptotic distribution of the 

skewness, one can test the nonparametric hypothesis of 

the symmetry of the distribution function in order to 

detect the effect in paired samples. The asymptotic 

variances of the considered statistics can be found by 

the linearization method 
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Introduction 

 One of the main tasks of applied mathematical statistics is to check the 

agreement between the experimental distribution and the theoretical one. A 

statistical hypothesis is tested that a specific theoretical distribution or a 

distribution from one or another parametric family can be considered as a 

distribution of sample elements. The normality test hypothesis is widely known, 

in which the family of normal distributions is considered as a parametric family. 

This article discusses testing for goodness-of-fit with a family of beta 

distributions. First, it is necessary to discuss the place of the considered 

formulation of the problem in the variety of modern statistical methods, and for 

this it is necessary to give an idea of the main stages in the development of 

applied statistics. 

 

Stages of development of applied statistics 
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 What is Applied Statistics? We put the following meaning into this term: 

"Applied statistics is the science of how to process data" [1, 2]. The basics of the 

scientific apparatus of this science are presented in the handbook [3].  

 The analysis of methods of statistical data analysis carried out by us in 

[4], [5, part 1] made it possible to single out the main stages in the development 

of this scientific field. We believe that there are four such stages. Let's briefly 

discuss their features. 

 Until the beginning of the twentieth century. - stage of descriptive 

statistics. Typical methods of statistical analysis are the construction of tables, 

the calculation of the arithmetic mean of measurement results, the restoration of 

dependencies by the least squares method created by K. Gauss in 1794. 

Descriptive statistics is not a single science, it is a set of separate algorithms. 

Nevertheless, descriptive statistics allows solving a number of practical 

problems, and its algorithms are still used today. Thus, the construction of tables 

is the main intellectual apparatus used by Rosstat (the Federal State Statistics 

Service of Russia). 

 Mathematical statistics as a single science was created at the beginning of 

the 20th century. To describe statistical data, K. Pearson suggested using 

distribution functions from the four-parameter family he introduced. The most 

well-known subfamilies are normal, logarithmically normal, exponential, 

gamma distributions, which are of interest to us in this article beta distributions. 

An advanced mathematical theory of parameter estimation and hypothesis 

testing has been developed for samples from parametric families. We call it 

parametric statistics. She was at the forefront of the development of statistical 

theory in 1900-1933. Note that the methods of parametric statistics were actively 

used to solve practical problems. So, the first scientific journal on mathematical 

statistics was called "Biometrics". By the middle of the twentieth century. 

Numerous textbooks on probability theory and mathematical statistics were 

prepared, the content of which is primarily parametric statistics. And at present, 
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the teaching and practical application of statistical methods is carried out 

primarily on their basis. 

 However, parametric statistics have a fundamental drawback - the 

distributions of real data, as a rule, are not normal and do not belong to any other 

parametric distribution [6]. The works of the next stage in the development of 

methods of statistical data analysis - nonparametric statistics (1933 - 1979) are 

aimed at overcoming this shortcoming. As the beginning of this stage, we take 

the moment of the appearance of the A.N. Kolmogorov to check the agreement 

between the experimental distribution and the given theoretical one. In 

nonparametric statistics, problems of statistical analysis of data with arbitrary 

distributions are solved (for proving theorems, it may be necessary to require 

only the continuity of distribution functions). To date, nonparametric methods 

have been able to solve almost all problems of data analysis, considered in 

parametric statistics. But the conclusions obtained are more justified, since 

unrealistic assumptions are not made that the distributions of the results of 

observations belong to one or another parametric family. 

 The elements of the samples at the considered stages of the development 

of statistics are numbers or vectors, i.e. elements of linear spaces. With the 

development of science and technology, samples from distributions on nonlinear 

spaces began to play an increasingly important role. There was a statistics of 

objects of non-numerical nature. This term was first introduced in 1979 (in 

monograph [7] and article [8]). Its synonyms are used - statistics of non-

numerical data, non-numerical statistics [9, 10]. This is the fourth stage in the 

development of statistical data analysis methods. It continues at the present time. 

Some results of its development are summarized in [11, 12]. The fourth stage 

also includes the statistical component of a new theoretical and applied area of 

mathematics - systemic fuzzy interval mathematics [13 - 15]. 

 As already noted, the methods of statistical data analysis obtained at the 

previous stages continue to be actively and successfully used. In particular, 
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judging by the common textbooks on probability theory and mathematical 

statistics, the system of teaching applied statistics still corresponds to parametric 

statistics, i.e. remains at the level of the middle of the twentieth century. 

Naturally, the scientific and practical workers who have undergone such training 

are simply not familiar with non-parametric and non-numerical statistics. 

 At the same time, we have to state that by no means all the scientific 

problems of parametric statistics have been solved at the appropriate stage in the 

development of statistical science. Thus, only relatively recently it has been 

established that in many cases one-step estimates should be used instead of 

maximum likelihood estimates [16]. Since parametric statistics is widely used, it 

seems worthwhile to make efforts to solve the "missing" problems, although the 

cutting edge of scientific research has moved far ahead. 

 The sections of parametric statistics that have not been worked out so far 

include the statistical analysis of data with a beta distribution. In textbooks on 

probability theory and mathematical statistics and related reference books, the 

family of beta distributions is mentioned, some of its properties are indicated [17 

- 19], however, a number of issues related to parameter estimation and 

hypothesis testing on samples from distributions of this family remain 

unresolved. 

 We have begun to develop a system of methods for statistical data 

analysis, the distribution functions of which are included in the family of beta 

distributions. We will use the concepts and notation introduced in [20], the 

direct continuation of which is the present paper. In this article, we found 

asymptotic distributions of beta distribution parameter estimates obtained by the 

method of moments; in it, algorithms for point and interval estimation were 

developed. Obviously, estimates by the method of moments can be reasonably 

used only when the hypothesis is true: the sample elements are distributed 

according to the beta distribution with some parameter values. These values are 

unknown to us, we estimate them. But is this hypothesis really true? To answer 
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this question, we consider in this article a method for testing agreement between 

an empirical distribution and a theoretical beta distribution based on the use of 

sample moments. First, we need to discuss the statement of the problem of 

checking the agreement. 

 

Methods for checking agreement with a parametric family 

 A fit test is a test of the statistical hypothesis that the distribution function 

of the sample elements is included in the considered parametric family (although 

the values of the distribution parameters themselves remain unknown). 

 By analogy with the formulation of the problems of checking the 

homogeneity of two independent samples [21, 22], we can distinguish between 

checking the agreement of characteristics and checking absolute agreement. Let 

us discuss these settings using the example of checking the agreement with a 

normal distribution. 

 Let us introduce the main object of study in mathematical statistics - the 

sampleX1, X2, ..., Xn, i.e., (finite) sequence of independent identically 

distributed random variables with distribution function F(x) = P(X < x), where X 

is a random variable having the same distribution as the sample elements. 

 Consider the theoretical central moments of the random variable X order 

2, 3, 4, i.e. 

𝑀2 = 𝑀[(𝑋 − 𝑀(𝑋))2] = 𝜎2,𝑀3 = 𝑀[(𝑋 −𝑀(𝑋))3],

𝑀4 = 𝑀[(𝑋 − 𝑀(𝑋))4]
  (1) 

and the corresponding selective central moments 

𝑚2 =
1

𝑛
∑ (𝑋 − 𝑋)

2
= 𝑠2 ,𝑛

𝑖=1 𝑚3 =
1

𝑛
∑ (𝑋 − 𝑋)

3
,𝑛

𝑖=1 𝑚4 =
1

𝑛
∑ (𝑋 − 𝑋)

4𝑛
𝑖=1 . (2) 

As is known [1 - 3], as the sample size tends to infinity, the sample central 

moments converge (in probability) at the corresponding theoretical central 

moments: 

lim
𝑛→∞

𝑚𝑖 = 𝑀𝑖(𝑃), 𝑖 = 2,3,4.     (3) 
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In formula (3), the symbol (P) means that convergence in probability is 

considered. 

 According to [19], the asymmetry coefficient of the random variable X is 

called the quantity 

𝛾1 =
𝑀3

𝜎3
.       (4) 

For a symmetric distribution (for example, if the distribution density is an even 

function when the median of the distribution is chosen as the reference point) 

with a finite third moment, the skewness is 0. 

 Kurtosis coefficient X is the value 

𝛾2 =
𝑀4

𝜎4
− 3.      (5) 

 The sample coefficients of skewness and kurtosis are statistics obtained 

by substituting sample central moments instead of theoretical ones into formulas 

(4) and (5), i.e. 

𝑔1 =
𝑚3

𝑠3
       (6) 

And 

𝑔2 =
𝑚4

𝑠4
− 3      (7) 

respectively. 

 With an increase in the sample size, the coefficientsg1and g2 converge (if 

the fourth moment of the random variable X is finite) to the theoretical skewness 

and kurtosis coefficients: 

lim
𝑛→∞

𝑔𝑗 = 𝛾𝑗, 𝑗 = 1,2      (8) 

(convergence in probability). 

 It is known that for any normal distribution, the skewness and kurtosis 

coefficients are equal to 0. Naturally, the idea arises to use this information to 

test the agreement with the family of normal distributions. 

 If the hypothesis that the theoretical skewness coefficient is equal to 0 is 

rejected, then the distribution of the random variable X is not normal. The 
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converse is not true, since the theoretical skewness is 0 not only for normal 

distributions, but for all symmetrical ones. 

 Similarly, if the hypothesis that the theoretical kurtosis is equal to 0 is 

rejected, then the distribution of the random variable X is not normal. The 

converse is not true, since the theoretical coefficient of kurtosis is 0 not only for 

normal distributions, but also for many others. 

 The rules for testing these hypotheses are based on checking whether the 

sample coefficients of skewness and kurtosis fall into the corresponding critical 

regions. Detailed information on checking the agreement with a normal 

distribution based on these coefficients is contained in the fundamental 

monograph by L.N. Bolsheva and N.V. Smirnov "Tables of Mathematical 

Statistics" [23]. We consider this monograph to be the pinnacle of Russian 

statistical science in the first two thirds of the 20th century. 

 We have discussed checking the agreement of characteristics. As already 

noted, if the test results show that the characteristics are significantly different 

from those that correspond to the normal distribution, then the hypothesis that 

the sample is taken from the normal distribution should be rejected. However, 

the absence of a significant difference does not allow us to conclude that the 

distribution of sample elements is normal, since the same values of the 

characteristics (in this case, the skewness and kurtosis coefficients) also have 

many distributions that are not normal. 

 Therefore, let's move on to methods for checking absolute agreement. 

Consider criteria that are consistent, i.e. any difference from normality will be 

detected with a sufficiently large sample size. Consistent are analogues of the 

Kolmogorov criteria and omega-square. In the original formulation, these 

criteria are intended to test the agreement of the empirical distribution 

(sometimes written - experimental distribution) with a fixed theoretical one. 

When checking normality, the theoretical distribution is known only up to 

parameters, therefore, in the analogs of the Kolmogorov tests and the omega-
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square, the theoretical distribution is replaced by a normal distribution, in which 

the arithmetic mean of the sample elements is substituted for the mathematical 

expectation, and the sample variance is substituted for the variance. The 

asymptotic distributions of these analogs are found. They differ from the 

distributions of the Kolmogorov and omega-square statistics. Critical values 

differ many times [1 - 3]. A common mistake is that when checking the 

agreement with a normal distribution, the critical values of the distributions of 

the Kolmogorov and omega-square statistics are used, rather than the critical 

values of their counterparts [24]. 

 Other criteria are also used to test normality, in particular, the Shapiro-

Wilk test [25]. However, this criterion is not consistent. 

 

Application to beta distribution 

 Third central momentM3can be estimated both directly from the sample 

(see formula (2)), and using its expression in terms of the parameters of the beta 

distribution, in which their sample estimates are substituted for the unknown 

theoretical values. One can use the estimates of the method of moments [20]. 

 Consider a random variable X, which has a beta distribution on the 

interval (0; 1). For it, the probability distribution density is given by formula (1) 

in [20]. It is known [17, p.146] that the third central moment of the random 

variable X is expressed in terms of the parameters p and q of the beta 

distribution as follows: 

𝑀3 =
2pq(𝑞−𝑝)

(𝑝+𝑞)3(𝑝+𝑞+1)(𝑝+𝑞+2)
.    (9) 

We will use the estimates of the method of moments of the parameters p and q 

of the beta distribution 

𝑝 ∗ 𝑋 {
𝑋(1−𝑋)

𝑠2
− 1}     (10) 

And 

𝑞 ∗ (1 − 𝑋) {
𝑋(1−𝑋)

𝑠2
− 1}     (eleven) 
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respectively [20]. Substituting these estimates into (9), we obtain an estimate of 

the theoretical third central moment as a function of the sample arithmetic mean 

and sample variance. This estimate has the form 

𝑀3 ∗
2𝑝∗𝑞∗(𝑞∗−𝑝∗)

(𝑝∗+𝑞∗)3(𝑝∗+𝑞∗+1)(𝑝∗+𝑞∗+2)
= 𝑓(𝑋, 𝑠2).(12)   

There is no need to give here a rather complicated expression for the function f 

in (12). 

 To test the hypothesis of goodness of fit with the beta distribution, you 

can use a test based on statistics 

𝑍 = 𝑚3 −𝑀3 ∗      (13) 

If the sample elements are distributed according to the beta distribution, i.e. If 

there is absolute agreement, then 

lim
𝑛→∞

𝑍 = 0.      (14) 

(convergence in probability). It can be shown that the statistics indicated in (13) 

is asymptotically normal with mathematical expectation 0 and variance A/n, the 

constant A can be found based on the linearization method, demonstrated in 

detail in [20] when finding the asymptotic distribution of the estimates of the 

method of moments p* and q * parameters p and q of the beta distribution. On 

the basis of asymptotic normality, a criterion for testing the statistical hypothesis 

of agreement with a family of beta distributions is constructed in a standard way. 

 To check the agreement with the beta distribution, one can use not only 

the third central moment, but also other characteristics of the distribution. Thus, 

it is known [18] that for the beta distribution, the skewness coefficient is as 

follows: 

𝛾1 =
2(𝑞−𝑝)√𝑝+𝑞+1

(𝑝+𝑞+2)√pq
.    (15) 

Statistics can be used to check for agreement with the beta distribution. 

𝑊 = 𝑔1 −
2(𝑞∗−𝑝∗)√𝑝∗+𝑞∗+1

(𝑝∗+𝑞∗+2)√𝑝∗𝑞∗
    (16) 

If the hypothesis of absolute agreement is true, the statistic W tends to 0 (in 

probability) with an unlimited increase in the sample size. The statistic W is 
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asymptotically normal with zero mean and variance B/n. As in the previous 

case, the constant B can be found based on the linearization method described in 

[20]. 

 Let us pass to beta distributions on the interval [a, b] (see formulas (60) 

and (61) in [20]. Let the sample𝑌, 𝑌2,..., 𝑌𝑛.To check the agreement with the family 

of beta distributions, let us pass to the sample, in the distribution of which the 

parameters a and b are excluded, namely, to the sample𝑋1, 𝑋2,..., 𝑋𝑛, Where 

𝑋𝑖 =
𝑌𝑖−𝑎

ℎ
=

𝑌𝑖−𝑎

𝑏−𝑎
, 𝑖 = 1,2,..., 𝑛.    (17) 

The elements of this sample have a beta distribution on the interval [0, 1] (see f-

lu (1) in [20]), and you can check the agreement with the family of beta 

distributions using the above methods using the third central moment and the 

skewness coefficient . 

 To do this, it is necessary to pass from the sample moments calculated 

from the sample𝑌, 𝑌2,..., 𝑌𝑛, to the sampling moments𝑋1, 𝑋2,..., 𝑋𝑛. As indicated in 

formula (63) of article [20], 

𝑋 =
𝑌−𝑎

ℎ
, 𝑠2 =

1

𝑛
∑ (𝑋𝑖 − 𝑋)2𝑛
𝑖=1 =

1

(𝑏−𝑎)2
(
1

𝑛
∑ (𝑌𝑖 − 𝑌)2𝑛
𝑖=1 ) (18). 

Consider such a transition for a selective third central moment. It is easy to see 

that 

𝑚3 =
1

𝑛
∑ (𝑋 − 𝑋)

3
=

1

(𝑏−𝑎)3
(
1

𝑛
∑ (𝑌 − 𝑌)3𝑛
𝑖=1 )𝑛

𝑖=1 .   (18) 

 Let us analyze the statistical data given in Table 1 of the article [20]. For 

them, the boundaries of the interval are seta= 5, b = 135, then b - a = h = 130, 

the sample arithmetic mean is 57.88, and the sample variance s2 is 663.00, the 

sample standard deviation s = 25.75. Let's move on to a sample from the beta 

distribution with values in (0; 1) according to (17). After such a transition, the 

sample arithmetic mean becomes equal to 0.407, and the sample variance 

becomes equal to 0.0392. 

 By direct calculation according to the table. 1 in [20], we find that the 

sample third central moment for these data is 14927.91. When passing to a 
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sample from the beta distribution on the interval (0, 1), in accordance with 

formula (18), we obtain that 

𝑚3 =
14927,91

1303
=

14927,91

2197000
= 0,006795    (19) 

 The estimates of the method of moments of parameters of the beta 

distribution are as follows: p* = 2.10, q* = 3.06 (see formulas (64) and (65) in 

[20]). Let us find an estimate of the theoretical third central moment by the 

formula (12) 

𝑀3 ∗
2×2,10×3,06(3,06−2,10)

(2,10+3,06)3(2,10+3,06+1)(2,10+3,06+2)
= 0,001879  (20) 

 As shown in [20], common recommendations are based on the fact that 

the parameters of the beta distribution take the values p= 2 and q = 3. Let us 

substitute these values into formula (9): 

𝑀3 =
2×2×3(3−2)

(2+3)3(2+3+1)(2+3+2)
= 0,002286.  (21) 

In formulas (19), (20). (21) we observe the difference only in the third decimal 

place. 

 Consider an estimate of the asymmetry coefficient. Direct calculation by 

formula (6) gives 

𝑔1 =
𝑚3

𝑠3
=

14927,91

25,753
=

14927,91

17073,86
= 0,8743.   (22) 

When using the values p = 2 and q = 3 of the parameters of the beta distribution 

according to formula (15) 

𝛾1 =
2(3−2)√2+3+1

(2+3+2)√2×3
=

2

7
= 0,2857.    (23) 

If we use the values of the parameter estimates p* = 2.10, q* = 3.06, then 

according to formula (16) we obtain the asymmetry estimate 

𝑔1 ∗
2(3,06−2,10)√2,10+3,06+1

(2,10+3,06+2)√2,10×3,06
=

4,7653

18,150
= 0,2626.   (24) 

The right parts of formulas (23) and (24) give close values, but differ from the 

value in the right part of (22). Table data. 1 in [20] correspond to a distribution 

with positive skewness, which is noticeably larger than for the beta distribution. 

 As already noted, a significant difference between the data in Table. 1 in 

[20] and a family of beta distributions, one could speak on the basis of the 
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properties of the asymptotic distributions of the considered statistics (sample 

third central moment and sample skewness). However, at present, the 

parameters of the asymptotically normal distributions of these statistics remain 

unknown. 

 The large scatter of possible values of the parameters of beta distributions 

demonstrated in [20] (confidence intervals are very wide) gives reason to 

believe that the statistics considered for checking the agreement - the sample 

third central moment and the sample skewness coefficient - also have a wide 

confidence interval, and therefore reject the hypothesis on agreement with the 

data in Table. 1 with a family of beta distributions, there is no reason. From 

what has been said, it is clear that further research is needed in this direction. 

 

 Conclusion 

 In this article, the problem of testing the points of agreement between an 

experimental (sample) distribution and a family of beta distributions is posed 

and partially solved. It is shown that there are still many unsolved problems in 

the considered section of parametric statistics. 

 Some unsolved problems of nonparametric statistics are also revealed (the 

modern idea of nonparametric statistics is disclosed in [29]). So, it is of interest 

to check the symmetry of the distribution by the coefficient of asymmetry. Such 

a setting does not imply a normal distribution of the elements of the sample, 

from which the well-known methods start (see, for example, [23]). A successful 

solution of the problem under consideration can find application in the statistical 

analysis of coupled samples, give a new criterion for the homogeneity of 

coupled samples, supplementing the previously developed ones, in particular, 

those obtained in [30]. 
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