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B pabote npemraraeTcsi HHHOBAITMOHHBIHN TTOIXO0I K
pacrpeielIeHUuI0 y4eOHOrO BPeMEHH MEXKIY
Pa3IMYHBIMU BHJAMH 3aHATHH CTYACHTOB MPH
3aJJaHHOM 00IIeM 00bEeMe HATPY3KH IO ONPEICICHHOM
mucnuruinae. OH OCHOBaH Ha pa3pabO0TaHHOW aBTOPOM
MaTeMaTUYeCKON MOJIEIH ONTUMAILHOTO
pactpeneneHus yaeO0HOTO BpeMEHH MEKIY
OBJIaZICHUEM 3HAHUSIMU U pa3BUTHEM yMeHuil. Monens
OTIMCHIBAETCS CHCTEMOH NBYX nu(depeHInaIbHbIX
ypaBHEHHH ¢ ynpaBieHneM. C MOMOIIBIO PHUHITHTIA
Makcumyma [loHTpsrMHa HalIGHO ONTUMAaJIEHOE
yIpaBJeHue ISl IBYX 3aJlay ONTUMHU3anuu. B nepBoit
U3 HUX TpeOyeTcs 3a MUHUMAIILHOE BpEeMs IIepeiTH U3
HAYaIBHON TOYKHU (Pa30BO# IIIOCKOCTH B KOHCYHYIO.
YcraHOBIIEHO, YTO CHayaja clieAyeT JOCTHYb
HE0OX0IMMOT0 COOTHOLICHUS 3HAHUN ¥ yMEHHUH U
BBIMTH Ha MarucTpalib, 10 KOTOPOW U IBUTATHCS JlaJiee
B TCUCHHE OCHOBHOTO MEPHO/a y4eOHOTO mpoIiecca.
[Toxa3zaHo, 94TO TpH IBMKCHNH 110 MaTHCTPAIIH
pactipenierieHue yaeOHOTO BPEMEHN MEKAY
OBIIQICHUEM 3HAHUSMH U Pa3BUTHEM YMEHUH - OTHO U
TO K€ JUIA BCEX y4alIuxcs, a UMEHHO, TPETh BPEMEHH
CIIeZyeT OTBOAWTH Ha JICKIIHH, IBE TPETH - Ha
ceMuHapbl. B KoHIIE OCHOBHOTO NIEpHUOAa CIEyeT
COWTH C MarucTpalivd ¥ JOCTUYb 3aaHHOW TOYKH, JTHOO
TOJILKO OBJIAJICBAst 3HAHUSIMH, JINOO TOJIBKO
HapaIuBas yMeHus. Bo BTOpoii 3a1aue onTHMHU3anuu
HEOOXOTUMO BO3MOXHO OBICTPEE JOCTUYD 33 JAHHOTO
00beMa 3HAHMIA, T.€. U3 UCXOJIHOW TOYKYU BBHIUTH HA
IpAMYIO Ha (a30BOi MIIOCKOCTH, ONPEACIIAEMYIO
3aIaHHBIM 00beMOM 3HaHMHN. ONTHMAaIbHOE
yIpaBJIeHUE OMICHIBACTCS IBIKCHHUEM B TEUEHUE TPEX
MIEpUOI0B BPEMEHH, TIEPBEIE 1BA M3 KOTOPHIX - TE XK€,
YTO W TPU PEIIeHUH nepBoi 3agaun. COlTH ¢
MarvcTpaJiv CIeIyeT TakK, YTOOBI OJIOBHHOK 00BbeMa
3HAHWM CTYIEHTHI OBJIAJICIH B TEUCHHE TPETHETO
nepuoia, Mpu STOM YMEHUS HE Pa3BUBAIOT.
ITony4eHHble ONTUMANbHbBIE TPAEKTOPUHN COTIIACYIOTCS
C OMBITOM MPENOJABAHUS ABTOPOM Psifia JUCIUILINH, B
TOM YHCJIE OPraHU3aLMOHHO-DKOHOMUYECKOTO
MOJAETUPOBaHUS. BO3MOXXHOCTH MPaKTUUECKOTO
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The work proposes an innovative approach to the
distribution of study time between different typds
students' classes for a given total amount of veaidkl
in a particular discipline. It is based on the
mathematical model developed by the author of the
optimal distribution of study time between the
acquisition of knowledge and the development of
skills. The model is described by a system of two
differential equations with control. With the help
Pontryagin's maximum principle, an optimal contsol
found for two optimization problems. In the firdt o
them, it is required to pass from the initial paifithe
phase plane to the final one in the minimum tirhe. |
has been established that, first, it is necessary t
achieve the necessary balance of knowledge arld skil
and enter the highway, along which to move further
during the main period of the educational prockss.
shown that when moving along the highway, the
distribution of study time between mastering
knowledge and developing skills is the same for all
students, namely, one third of the time should be
devoted to lectures, two thirds to seminars. Atehd
of the main period, one should leave the highwal an
reach a given point, either only by mastering
knowledge, or only by increasing skills. In the sed
optimization problem, it is necessary to achieve a
given amount of knowledge as quickly as possibée, i
from the starting point to go to a straight linetba
phase plane, determined by a given amount of
knowledge. Optimal control is described by movement
during three periods of time, the first two of wiiare
the same as in the solution of the first problers |
necessary to get off the highway in such a way that
students master half of the amount of knowledge
during the third period, while skills are not deobd.
The obtained optimal trajectories are consistett wi
the author's teaching experience in a number of
disciplines, including organizational and economic
modeling. The possibilities of practical applicatiof
the recommendations obtained on the basis of an
innovative mathematical model deserve further



Hayunsrii sxypran Kyol'AY, Ne185(01), 2023 0x 2

NPUMEHEHUS MMOJyIEeHHBIX Ha OCHOBE HHHOBanHOHHOM  discussion
MaTeMaTUYECKON MOJIEIH PEKOMEHIAUi
3aCITY>)KUBAIOT NATbHEHUIIET0 00CyKISHUS

Kirouessie cioBa: MATEMATUYECKUE METOIBI  Keywords: MATHEMATICAL METHODS OF

SKOHOMUIKU, MOJEJINPOBAHUE, ECONOMY, MODELING, MANAGEMENT,
VYIIPABJIEHUE, THHOBAIINHY, INNOVATION, OPTIMIZATION, HIGHER
OIITUMMU3ALIMA, BBICIHEE OBPA3OBAHUE, EDUCATION, EDUCATIONAL PROCESS,
YYEBHBII [TPOLIECC, TTIPUHLIAIT PONTRYAGIN'S MAXIMUM PRINCIPLE
MAKCUMYMA TIOHTPATMHA

http://dx.doi.org/10.21515/1990-4665-185-006

Introduction

Management innovations are no less useful thanvatmons in the
production of goods and services, but the econ@affect of the introduction of
management innovations is often difficult to exgreés monetary units. In
accordance with the currently accepted classibcatf scientific specialties,
management is one of the economic sciences. Acaptdi modern approaches
to management, management decisions should be oradee basis of five
groups of factors - social, technological, enviremtal, economic, political (for
more details, see, for example, [1]). It is advisab identify the effect of the
introduction of managerial innovation within thefsee groups of factors, not
limited to one of them - economic.

Management innovations include innovations in tieddfof education.
Such innovations are manifold. For example, somiherdn relate to the content
of education, others - to the systems of conduatlagses (including the use of
information and communication technologies), etoeQ@ype of innovation in
higher education is innovation in the organizatibthe educational process.

This paper proposes an innovative approach to istelaition of study
time between different types of work of students dogiven total amount of
classes in a particular discipline. The recommeaadatobtained on the basis of

the proposed approach are consistent with the itegaexperience accumulated
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by the author and can be used by teachers of higghgrational institutions in
the preparation of curricula.

Building a mathematical model

The proposed innovative approach is based on aemattical model of
the optimal distribution of study time between #uguisition of knowledge and
the development of skills. Let us consider the meéthogical prerequisites for
constructing such a model.

Any knowledge consists partly of "information” (‘leuknowledge") and
partly of "skill" ("know how"). We will use the fonulations of the famous
mathematician and teacher D. Poya: "Skill is skillis the ability to use the
information you have to achieve your goals; skdh@lso be described as a set
of certain skills, in the end, skill is the ability work methodically" [ 2, p.308].

It is inappropriate to engage in careful definisayf concepts that are well
known to every teacher from practical teaching erpee. We only note that
the amount of "pure knowledge" of a student inaeeaghen listening to lectures
and independent work, while the volume of his 'Iski- while studying at
seminars and practical classes, when doing labgratork and homework, as
well as when doing independent work. .

Practically important is the problem of the disttion of study time
(classroom studies and independent work) betwetereht types of student
workload. In this case, the total amount of stuslentasses in a particular
discipline is usually set. This assumption is ratusince the problem of
distributing the total number of study hours betwedisciplines is usually
solved at a higher level of managerial decisioningknamely, when drawing
up a calendar plan for teaching students of aicesfzecialty.

We accept that the study time allocated for inddpahwork of students
is distributed between the increase in knowledgd #re development of
teachings in proportion to the division of classmostudy time between these

areas of activity. We will conditionally call "laates" all classes aimed at
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increasing knowledge, and "seminars" - all classesed at developing skills.
Then we can say that the problem considered inattiele is to develop a
mathematical apparatus for the optimal distribubbtime between lectures and
seminars.

Let us introduce the functions used in the proposathematical model.
Let x(t) be the amount of information accumulatgutioe student by the time t
(“pure knowledge”), y(t) — the amount of accumuthatskills: the ability to
reason, solve problems, understand the materiaépted by the teacher; u(t) is
the share of time allotted for the accumulatiokrmdwledge in the time interval
(t; t + dt). Control is possible by choosing thetenction u(t) from the point of
view of one or another optimization problem.

The main thing in the model is the description atrements of
knowledge and skills depending on the achievedesatif these values.

Let us take as a starting point that the increnx¢ht dt) — x(t) of the
student's knowledge volume is proportional to theetspent on this u(t)dt and

the accumulated skills y(t). In other words,

) _
g Loy )

In formula (1), the coefficient k1 > 0 is deternmindy the individual
characteristics of the student in question.

The second starting position is that the increnodrskills y(t + dt) - y(t)
over time from t to t + dt is proportional to thené spent on this (1 - u(t))dt,

available skills y(t) and knowledge x(t). Consedlen

% =k, (L-u())x() y(t)

2)
The positive coefficient k2 in formula (2), as weals in formula (1), is
determined by the individual characteristics of shedent.

Let us explain the starting points. The model assuthat the student

acquires skills the faster, the more he alreadydsnand can do (formula (2). At
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the same time, he learns knowledge the fastermibie he can, regardless of
previously accumulated knowledge (formula (1)) ur @pinion, it cannot be

assumed that the more a student remembers, ther fastremembers new
information.This explains the fact that the rigltesof equation (1) is affected
only by those knowledge acquired in the past tlealne active, since they
were applied in solving tasks and, as a resulginto skills.

Note that the model (1) - (2) makes sense to applguch time intervals
that, for example, an academic hour can be coresidan infinitesimal value.
Instead of the system of differential equations (12), one could consider a
system of difference equations, however, from ahemagatical point of view, it
is preferable to analyze the system of differengguations, since a well-
developed theory of optimal control can be appirethis case.

To study and use the model (1) - (2) in order waaize the educational
process, there is no need to develop specific mstfar assessing the functions
used - skills y(t) and knowledge x(t). It sufficesassume that these functions
exist and satisfy equations (1) - (2). The modekesait possible to catch the
main interrelations of the variables used and abtaractically useful
conclusions without going into details of findingvéluating) skills y(t) and
knowledge x(t), since the main thing in it is findithe optimal control over the
distribution of study time, i.e. functions u(t). Blels of this type V.V. Nalimov
calls sketches [3], since they are aimed at idgntf the interrelations of
variables of interest to the researcher without kimgyy out the issues of
measuring these variables.

We can control the learning process by choosingeémh t the value of
the function u(t) from the segment [0; one]. Thdolwing two optimization
problems are useful for planning the learning pssce

1. How to achieve a given level of knowledge x1 ahkills y1 as quickly
as possible? In other words, how to move in thetsBbpossible time from the

starting point of the phase plane (x0; y0), whiefiects the level of knowledge
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and skills of the student before the start of trginto the target point (x1; y1)
set by the organizers of the educational process?

2. How to act in order to achieve the given amoainknowledge as
quickly as possible, i.e. from the starting pok@;(y0), go to the line x = x1?

The results of solving the dual problem are alsefulsfor practice: to
achieve as much knowledge as possible in a givaa. tfhe optimal motion
trajectories for the second problem and its dualade (duality is understood
in the usual sense for mathematical programmireg; ®r example, [4]).

It turns out that the system of equations (1) -c&) be simplified. Having
made the change of variables z = k2x, w = k1k2y pass from (1) — (2) to a
simpler system of differential equations, in whithere are no unknown
coefficients:

dz:

— =uw, d—W:(l—u)zw
dt dt

. (3)

The above linear change of variables means thsiti@mto other units of
measurement of knowledge and skills, while eactiestiuses his own personal
system of units of measurement, determined by drnisgmal properties, which in
equations (1) - (2) were reflected by the coeffitsekl and k2. Thus, system (1)
- (2) describes the learning process of all stugjethie volumes of knowledge
and skills are measured uniformly (and, in pringjpt is possible to develop
objective rules for assessing these volumes bas#geocontent of the discipline
being studied), while the individual characteristaf students are taken into
account coefficients k1 and k2, and system (3) doas contain unknown
coefficients, and therefore its solution descrithess dynamics of measurements
of knowledge volumes and skills of each studentweieer, the units of

measurement of these volumes are different for eatiem.

Type of optimal control
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Let's start by studying system (3). To solve thevabproblems 1 and 2,
we apply mathematical methods of optimal contrdle Best form of the time
distribution control function u(t) can be found ngithe maximum principle of
L.S. Pontryagin [5, 6]. A detailed description dfet process of solving
mathematical problems 1 and 2 is not the subjetiiisfwork. We only note that
there are no fundamental differences from solvirtgeo optimal control
problems by applying the maximum principle of LE®ntryagin.

We present the results obtained. Let's start witlblpm 1 for system (3).
From the maximum principle of L.S. Pontryagin itldavs that the fastest
motion can occur either along horizontal (for them 1) or vertical (for them u
= 0) line segments, or according to a special sslutvhich is the parabola w =
z2 (u = 1/3). For starting points below the parabaok. at > w,, the movement
should begin along a segment of a vertical strdight For starting points above
the parabola, i.e. gt<w,, the movement first goes along a segment of
horizontal straight line. If the starting pointdien the parabola, i£.= w,, then
the fastest motion occurs along this parabola itnportant that for each of the
regions below and above the parabola, i.e. {z2 sand {z2 < w}, respectively,
can pass at most one vertical and one horizontgimeet of the optimal
trajectory.

Based on the regular synthesis theorem [7, p.266]optimal trajectory
is found. It looks like this. First you need to gothe "highway" - get to the
parabola w = z2 along a vertical (if the startir@np is below the parabola) or
horizontal (if the starting point is above the feria) straight line segment.
Then the main part of the path should be passed)adle highway, which in the
problem under consideration is a parabola (for it W/3). If the end point lies
under the parabola, you need to get to it horidbynti@aving the highway. If it
lies above the parabola, then the final sectiorthef trajectory is a vertical
segment. In the case when the end point lies arabpla, you should stop at it

after moving along the highway.
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For example, in the case z <w <z?and initialz,,w), and the end
point(z,,w)lie under the parabola. Therefore, the optimakttry is as follows.
First you need to go to the highway - get alonguésical (u = 0) straight line
to the parabola, i.e. go from paintw)exactlyz, z?). Then you should move
along the highway (u = 1/3) from the paigiz3)to the pointyw;; w,). After that,
you should get off the highway and go horizontally = 1) to the end
point(z;, w).

If the initial(z,,w), and the end poigt, w)lie under the parabola, buk
w < zZ < zZyou don't have to go to the highway. The optimajetctory consists
of vertical and horizontal segments. From startpmntz, w)should move
vertically to a point,, w), and then from it horizontally - to the end paipt).

Since knowledge and skills can only be accumuldigthg training, the
end point is always located not lower and not ®I#ft of the starting point. If
they lie on the same horizontal or vertical linkert the optimal trajectory
consists of one horizontal or, respectively, vaitgegment.

We have analyzed one case of the location of thg anhd end points
relative to the parabola. There are three more:

(1) start point below the parabola, end point above

(2) both points are above the parabola;

(3) the start point is above the parabola, theplt is below.

These cases can be analyzed similarly to the ooeealor the situation
where both points are below the parabola. Firstry@ed to go to the highway -
if the starting point is below the parabola, theartically, if higher -
horizontally. Then move along the highway and détt®so as to get to the end
point horizontally (if the end point is below thearpbola) or vertically (if
above).

The described procedure for constructing the optiragectory resembles
the natural behavior of a motorist - first, getttee highway as quickly as

possible, drive the main part of the way alonguiitg then turn off the highway
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at the right time and get to the end point in thertest way. Therefore, the
"special solution" along which one must move mdsthe time is called the
highway.

Let us turn to Problem 2. In it, from the family optimal trajectories
leading from the initial point (z0; wO) to differepoints of the ray (z1; wl), wO
< wl < +o, we must choose the trajectory that requires thenmm time. It
turns out that for z1 < 2z0 on the ray the poirthwvl = z0 (z1 — z0) is optimal,
the trajectory consists of vertical and horizonsalgments. If you want to
significantly increase the amount of knowledge, f@. z1 > 2z0, then the
optimal isv, = z?/4, while the main part of the optimal trajectory g&s along
the highway w = z2 from the pom; z3)to the pointz, /2;z2/4). Consequently,
the more knowledge z1 needs to be mastered, tla¢egrde proportion of time
you need to move along the highway, while giving @f the time to increasing
skills and 1/3 of the time to accumulating knowledgnd at the end of the
learning period, only increase knowledge withoustivey study time for skill

development.

The discussion of theresults

The value u = 1/3 obtained for the main sectiorthef optimal learning
trajectory can be interpreted as follows: when idgvalong the highway, i.e.
during the main period of study, there should be seminars per lecture, 45
minutes of explanation (academic hour) - 90 minateproblem solving (two
academic hours).

In the initial period of training, in order to entihe highway, an optimal
balance of knowledge and skills should be achievédthere is enough
knowledge, but few skills (for example, due to thek of regular training in
solving problems), the teacher needs to organizsses to develop the
necessary skills. If, on the contrary, the skilte @eveloped to the required

extent, but there is little knowledge, then theckeat should achieve an increase
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in the volume of the student's knowledge. Thushatbeginning of teaching the
discipline, the teacher must ensure that all stisdezach the ratio of knowledge
and skills required for mastering the disciplineor the foregoing, it follows
that it is expedient to conduct a lesson at thenoagg of the course devoted to
the repetition of the main concepts used in ther&uand the awakening of the
relevant skills.

Actions upon completion of training are determinieg the task. In
accordance with the above, you should get off tighviray. In the practical
solution of problem 1, it is necessary to reachttlrget indicators. Depending
on the values of the coordinates of the end pwatare talking about either the
necessary development of skills, or the acquisitioih knowledge that
complements the knowledge obtained during the stidje main part of the
course.

The above solution of problem 2 leads to the caicfu that the
distribution of study time between lectures and isans should change
dramatically at the final stage of education. Alettime should be given to
lectures. At the final stage, students acquiresdrae amount of knowledge as in
all previous studies. But at the same time, thepatowvaste time on developing
skills, since they received the necessary skillthieybeginning of the final stage
of training.

When driving on the highway, i.e. during the maieripd of the
educational process, the optimal distribution ofeibetween explanations and
problem solving is the same for all students, reéigas of the individual
coefficients k1 and k2 (see the system of equatid)s- (2)). This fact of
stability of the optimal solution (in the sensectbsed in [8]) shows the
possibility of organizing learning that is optimi@r all students at the same
time. Indeed, the specific values of the coordimatiethe start and end points do

not affect the optimal distribution of time duritfge main training period. In this
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case, the time of movement to the exit to the heghdepends, of course, on the
initial position (x0; y0) and individual coefficiehkl and k2.

The results obtained in the mathematical model @mesistent with
empirical ideas about the optimal organization hef €ducational process and
the practical experience of the author as a teatlaurally, at the beginning of
the training period, it is necessary to adjustlével of knowledge and skills of
students, so to speak, "bring them to a common rderator”, with the aim of
their learning as part of a single stream (andimditzidually). Then comes the
"movement along the highway": lectures are readHerentire stream, seminars
are held for groups of students.

Let's focus on the final period of training. In oapinion, it differs
significantly from the main period. Let's discubs brganization of training for
undergraduates. Is it necessary, like studentsediqus courses, to aim them at
solving specific problems by one method or anotlasr,is usually done at
seminars? The fact is that there are a lot of tygdasks, as well as methods,
and in any case, students will master only a spefl of the intellectual tools
developed to date. It is more useful to give undetgates bird's eye views of a
number of topics, leaving the details for independgudy by those graduates
who will need them in their practical work. This ®w he built teaching
undergraduates the discipline "Organizational as@hemic modeling" (see [9-
11]).

In addition to the general strategy for organizihg educational process,
the model determines the numerical values of tharestof time spent on
improving knowledge (it turned out to be equal £8),Lland the share of material
(1/2) presented in the final lectures without watgkiout at seminars (it turned
out to be equal to 1/ 2). These numerical valuesgante consistent with the
practical experience of the author in teachingowagidisciplines.

The scientific results of this article are applieamot only when

discussing the problems of teaching in higher etlmicabut also for organizing
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the educational process of students in seconddrgose It is for the second
case that the initial approaches to the constnuatiomathematical models for
the optimal control of the learning process [12], Hi&veloped in this article,

were outlined. The initial ideas received somehtairtdevelopment in [1, 14].

Conclusion

The sketch model of the learning management prodgss (2) and its
modification (3) made it possible to obtain a numioé practically useful
recommendations, including those expressed in noalefiorm. At the same
time, it was not necessary to clarify the methaatsmheasuring the amount of
knowledge and skills available to the student. dsvenough to agree that these
guantities satisfy the qualitative relations legdio equations (1) and (2).

In accordance with the proposed innovative matheadatmodel of
optimal control of the learning process, it is maooeended to first enter the
highway, i.e. to achieve the optimal ratio of théial levels of knowledge and
skills of each student. During the main period led £ducational process, one
should move along the highway, i.e. one third &f time should be devoted to
lectures, two thirds to seminars. It is importamattthis recommendation is
optimal for all students at the same time. Thelfgtage is different for the two
tasks. If it is necessary to achieve predetermiaeels of knowledge and skills
(task 1), then at a certain point in time one stidelve the highway and
complete the learning process either by increakimgwledge or developing
skills, depending on what was achieved during therperiod of study.

The possibilities of practical application of treeommendations obtained
on the basis of the innovative mathematical mod¢l-((2) deserve further

discussion.
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